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Chapter 1

Introduction

1.1 What is SCALE

SCALE (Scalable Computing for Advanced Library and Environment)is a basic
library of weather and climate models of the earth and planets intended for
widespread use. The SCALE library was co-designed by computational science
and computer science researchers.



Chapter 2

Governing equations

Corresponding author : Hirofumi Tomita

2.1 Continuity equations
The continuity equations for each material can be described as the flux form:

Ipqa

5 + V- (pgau) = DIFF [¢q4] (2.1)
9pgu

gg +V - (pgou) = S, + DIFF [q,] (2.2)
dpq Ipquwy
W + \% (pqlu) + Oz = Sl + DIFF [ql] (23)
dpgs Ipgsws _

o + V- (pgsu) + 9 Ss + DIFF [qg,] (2.4)

The summation of the mass concentrations should be unit:
qa+aqv+a+gqgs =1 (2.5)
The source terms of water substances should satisfy the following relation:
Sy + S+ 5s=0. (2.6)
The summation of Eqgs.(2.1)-(2.4) gives the continuity equation of total density:

dp Ipquwr | Ipgsws
+ V- (pu)+ 9% + 9%

= —0, (2.7)

For this derivation, we assume that the operator DIFF [] is distributive. Using
Eq.(2.5),

DIFF [qq) + DIFF [¢,] + DIFF [q] + DIFF [g,]
= DIFF (g4 + ¢ + @ + ¢s] = DIFF [1] = 0 (2.8)



2.2 Momentum equations

The momentum equations for the gas, liquid, and solid material are described
as

Ip(ga+ qu)u

En +V-[p(ga+q)u®ul (2.9)
= —Vp—lp(ga+aq)g+(fi+[fs)les

+uS, + DIFF (g1 + g,)u] (2.10)
dpgqiu dpqruw; _ _

D + V- (pgu®u) + 0, (pqug — fi) ez
+uS; + DIFF [gu] (2.11)
dpgsu opgsuws B _

o TV (pgsu@u)+ = = —(pgsg — fs) e
+uS; + DIFF [g,u] (2.12)

The pressure is derived from the equation of state as
p=p(gaRa+ qRy) T. (2.13)
The summation of Egs.(2.10)-(2.12) gives the total momentum equation as

Odpu dpqrwy | Opqsws
ot V- (pueu)+ ( 0z * 0z Cz
= —Vp— pge, + DIFF [u] (2.14)

Note that the drag forces by water loading does not appear in Eq.(2.14), because
those terms are cancelled out through the summation.

2.3 Thermodynamics equations

The equations of the internal energies are described as

8 eq + vEv
Oelaiea ¥ 4u2) | 5. [p(geq + gueuul

ot
= —pV-u+Qq+ Qy+ DIFF [(qq + q,)T™] (2.15)
0 0
paqfl + V- (pgre) + % — Q, + DIFF [qT*]  (2.16)
8 s 8 sCsWg *
”gf + V- (pgsesu) + % = Q, + DIFF [¢,T*]  (2.17)

where T™ is some kind of potential temperature, discussed later. The internal
energies are defined as

eq = Cpal (2.18)
€y = CyoT (2.19)
e =T (2.20)
es = csT), (2.21)



The summation of Egs.(2.15)-(2.17) gives the following internal energy equa-
tions:

dpe Opqiepw; — Opgsesws
Ty Chhed AV
5 TV (pew) + ——— + ——~—+pV u
— Q-+ DIFF [T"] (2.22)
where
€ = gqed + gvey + qier + gses, (2.23)

and the total diabatic heating is described as

Q = Qd+Qv+Ql +Qs- (224)

2.4 Conceptual separation for solving the set of
equations

Eqgs.(2.2)-(2.4),(2.7),(2.14), and (2.13) with Eq.(2.22) are the complete set of
equations. For solving them easily, we separate the set of equations conceptually

as
0p _ (9¢ 99
ot a < ot >dynamics " < ot >physics (225)

The falling process of liquid and solid waters, the source and sink process of
water vapor, and the diabatic heating process for energy equations are treated
as physical process, the others are treated as dynamical process.

According to this scheme, the dynamical process can be written as

%0 19 - (pgem) = 0 (2:26)
U4 5 (par) = 0 (227)
%0 1 (pgo) = 0 (228)
% +V.(pu)=0 (2:29)
%u + V- (pu®@u) =—-Vp— pge, (2.30)
%+V-(peu)+pv~u:0 (2.31)



On the other hand, the physical processes are as follows:

8537) — S, + DIFF [g,] (2.32)
Opar, OPAVL _ g, 4 DIFF [g) (2.33)
85215 N % = S, + DIFF [g,] (2.34)
% 8p@q;wz 8pgszws —0 (2.35)
5(;;;1 8pcg;wz + apqgl”““’ — DIFF [u] (2.36)
% 3pqazzzwz . 3ﬁqusws = Q + DIFF [T*] (2.37)

2.5 Conservation of thermodynamics in the dy-
namical process

Equation (2.31) is not a complete flux form, because the internal energy itself
is not conserved both in the Euler sense and in the Lagrangian sense. In this
section, we consider the conservative quantity for thermodynamics equation.

In the dry atmosphere, the potential temperature for dry air, which is defined
as

p Rd/cpd
0, = T(ﬁ") , (2.38)

is used as a conserved quantity it is conserved along the Lagrange trajectory
cpd Rq are the specific heats at constant pressure and However, it is no longer
satisfied when the water substances are included.

Since Eq.(2.29) is equivallent to

dp
i V-u=0 2.39
g TPV u=0, (2.39)
Equation (2.31) is
de pdp
— —=—=0. 2.40
Pat ~ pdt (2:40)

Dividing by p, this equation can be written as

de d (1
Cipt(2) =0 2.41
dt+pdt(p> 0 (241)

Substiting Eq.(2.13) into Eq.(2.41),

dgacydT d R,T dgyco T d [qR,T
4dCvd +p{Qdd]+qc + [q }

dt at | p a Pa | p
dgaT  dgscsT

845G _ 2.42
a a7 (242)



Since Egs.(2.26)-(2.29) give

dga _ dgy, _ dq _ dgs
Hd = = _ =8 2.43
dt e dt dt ’ (243)
Equation (2.42) gives the following form:
dcygT d [RqT L dcy, T d [R,T
L PR T I il VTR T
de;T desT
ta— s (2.44)
Dividing this equation by T,
gy TP\ p T rorar TP a \p )
1dT 1dT
- Cs—— =0 2.45
+QzCszt +chdt (2.45)
dinT Ry d ! 1 n dinT R, d -1 1
4acpd dt Cpa dt . P Tpo dt Cpy dt . P
dInT dInT
sCs =0 2.46
taaT g sy (246)
dlnb, dlnd, dinT dlnT
v v sCs == 0 247
Gatpd =g T WO T AT FaG Ty (247)
d c .
p [In (0P gdvere a0 )] = 0 (2.48)
Thus,
4 rgaucrgguen paeiace] = g 2.49
@ [ d v ] - ( . )
Thus, the following quantity is conserved along the flow trajectory;
0= ngc”d GLvepo PN IsCs (2.50)
where 6, is the potential temperature for water vapor, defined as
Ry /cpo
9, = T <p0°) (2.51)
p
The equation of state has the following expression using ©.
D qaRa D qv Ry
(—) — TQded <OO> Tqvcpv (OO> qucl _|_T¢IsCs (252)
p p
qiRa+qv Ry
—  T94CpatavCputaici+qscs (pw) (2.53)
p
R
- T% (7’00> : (2.54)
p
where
C;; = {4dCpd + GvCpu + qici + gscs 255)
R* = R4+ qR, 2.56)



We define a new potential temperature
R* /cy,
g=0Y% = T (poo) (2.57)
p

The pressure expression is derived diagnostically as follows:

R*

p = p(gala+quRy)0 (p> ' (2.58)
Poo
o 1\ =
Pt = pR0 <) ' (2.59)
Poo
OR*\
P = DPoo (p ) (2.60)
Poo
Note that
e 1 d
B _leua®@ (2.61)

dt a dt

Therefore, pf can be employed for the prognostic varaiable!

Figure 2.1(a) gives the vertical profile of the temperature in the U.S.standard
atmosphere and Fig.2.1(b) shows the vertical profiles of /6, under this temper-
ature condition when we assume that g, is mass concentration of water vapor
at the saturation, q; + g5 gives 0.0, 0.01, 0.02, and 0.04. The difference between
f and 0, becomes larger with the height and it may not be negligible.

2.6 Diabatic heating in the physical process

If the prognostic variable for thermodynamics is changed from the internal
energy to the newly defined potential temperature 6, the diabatic heating in
Eq.(2.37) should be modified. Through the manupulation from Eq.(2.40) to
Eq.(2.48), Eq.(2.37) without turbulence term can be written as

din® Q

= — 2.62
dt oL ( )
On the other hand, Eq.(2.61) gives
g 1 dln®
— = _—Ql/—= 2.63
dt ¢ dt (2.63)
Substituting Eq.(2.62) into Eq.(2.63),
o 1 G
o _1 <p00> P Q (2.64)
dt ¢y \'p p

10



2.7 Summary of equations in the dynamical pro-

cess and physical process

2.7.1 The dynamical process

0pqy _ (9pqv
at +V (pQUu) - ( at physics

Opqy _ (9pa
6t +v (pqlu)( at physics

0pgs _ ( 9pgs
ot v (pqSU) ( ot physics

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

dp op
v = ()
ot ot physics
0 0
PRV - (puwu) = —Vp—pge, + [ 2n
ot ot physics
0pb 0pb
— + V- (pbu) = <)
ot ot physics
( pOR* ) TR
P = Poo
Poo
where
C;; = (4dCpd + GvCpu + qic + qsCs
R* = qiRq+ qR,
2.7.2 The physical process
(8?)"”) — S, + DIFF [g,]
t physics
0 0
(gfl) = —% + S, + DIFF [g]
physics z
(8,0(]5) __ 8pq$ws + S, + DIFF [qs]
ot physics 0z
( 3,0) __Opqrwy  9pgsws
t ) physics 0z 0z
< Jdpu ) __Opgraw; _ Opgsuw, -+ DIFF [u]
ot physics 0z 0z
5/)9) 1 <p00> % { Opqreqw;  Opgsesws
— =—|— Q- — + DIF 9
< t physics s\ p 0z 0z K¥T9)

11
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Chapter 3

Discretization of dynamics

Corresponding author : Seiya Nishizawa

3.1 Temporal integration scheme

3.1.1 Runge-Kutta schemes

For the time integration of Egs.(2.68)-(2.40), we adopt the full explicit scheme
with the p step Runge-Kutta scheme.

¢ =9 (3.1)

ki = f(¢")

k2 = f((bt + klAtal) (33)

kp = f(¢t + ]Cp_1AtOép_1) (34)

PTA =o' + ALY Bk, (3.5)
p

The 3 and 4 step Runge-Kutta scheme are implemented.

The Heun’s three step scheme

ki = f(o"), (3.6)
ks = f (w + ;At/ﬁ) , (3.7)
ks=f <¢n + ?)Atkg) , (3.8)
P = " + iAt(kl + 3k3). (3.9)

13



The Kutta’s three step scheme

ki = f(9"),
ko = f <¢" + ;Atkl) ;
ks = [ (6" — Athy + 2Atks) |

1
¢”+1::¢”+76At@44k4k2+k3)

The Wicker and Skamarock (2002)’s three step scheme

k1 = f(¢n)a
ke = f <¢" + ;At/ﬁ) )
]fg == f <¢n + ;Atkz) 5
¢n+1 = ¢n + Atkg
The four step scheme

kl = f(d)n)v

ko = f (Cb" + ;Aﬁﬁ) )

kg = f <¢n + ;Atk2> y

ky=f(¢" + Atks),

1
¢n+1 = ¢n —+ éAt(kl —+ 2](12 —+ 2]€3 + k4)

The forward-backward scheme

(3.10)
(3.11)
(3.12)
(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)
(3.22)

In the short time step, the momentums are updated first and then density is

updated with the updated momentums.

puitt = puit + At fou,(p"),
P = o + Atf,(pulth).

14



3.1.2 Numerical stability

A fully compressive equations of a acoustic mode is considered. The continuous
and momentum equations is the followings:

dp  Opu;
% oz, (3.25)
Opu;  Op
o~ on (3.26)
Rp0\ '
P = Do ('O> , (3.27)
Po

here the potential temperature 6 is assumed to be constant.
In order to analyze the numerical stability of equation, the equation of the
state is linearized.
prp+cp, (3.28)
where c¢ is the sound speed: ¢? = %.
We discritize the governing equation with the 2nd order central difference.

dp Uipap =Uicayp Vigrp=Vicis Wigayo = Wioayo
ot ik N Ax Ay Az
(3.29)
oUu i+1 — Pi
= — _ 2Pl TP (3.30)
ot i+1/2 Az
v S L= (3.31)
0t ljs1/2 Ay
W1 2Pk =Pk (3.32)
ot i+1/2 Az

where U, V', and W is the momentum at the staggared grid point in z,y, and 2
direction, respectively.
The error of the spatial difference of a wavenumber k component gf)k is
{exp(ikAz) — 1} ¢, and the error of 2-grid mode is the largest: exp(im)—1 = —2.
The temporal differential of the 2-grid mode is

% _ 1 fezp;fiﬂ')U_ 1 ezpy(m)v_ 1 fezpz(fiw)w (3.33)

%ftf _ _Cz% (3.34)

%‘; _ _szﬂzz—l (3.35)

5@%’ _ e eXP(ZTT) iy (3.36)

The mode of which the U,V and W has the same phase is the most unstable:
% _ _31—62711(—”)U (3.37)

%IZ _ _czwﬁ) (3.38)

15



Writing matrix form,

9 p
(§)-2(2)
t
where
0 -5
D— (2 OM). (3.40)
Az
The Euler scheme
With the Euler scheme,
@™ = ¢ + Atf(4") (3.41)
The A is the matrix representing the time step, then
A=1+4dtD, (3.42)
1 64t
- <202At 1Az> . (3.43)
Az

The eigen value of A is larger than 1, and the Euler scheme is unstable for any
At.

The second step Runge-Kutta scheme

The Heun’s second step Runge-Kutta scheme is

ki = f(e"), (3.44)
ko = f((bn + Atk‘1), (345)
At
o =" 4 7(kl + k). (3.46)
At
AZI—&-?(Kl —|—K2), (347)
K, =D, (3.48)
Ky = D(I + AtK;). (3.49)
After all,
1-62 -5t
A= ( zift ) —%fﬂ) , (3.50)

where v is the Courant number for the sound speed: CAA;. The eigen value of A

is larger than 1, and the Euler scheme is unstable for any At.

The third step Runge-Kutta scheme

With the Heun’s third step Runge-Kutta scheme, the matrix A is written by

At
A =T+ =5 (K +4K3), (3.51)
1 _61/2 _GAt(l _2y2)
= A 52
<2i§t(1 —2?)  1-61° ) ’ (3.52)

16



where

K, =D, (3.53)
At

Ky = D(I + 5 K1), (3.54)
2A

Ky =D(I + TtKZ)' (3.55)

The condition that all the eigen values are less than or equal to 1 is

1
v< 3 (3.56)
In the Kutta’s three step Runge-Kutta scheme, the matrix A is
A:I+%(K1 + 4K + K3), (3.57)
where

K, =D, (3.58)
Ko =D (I + A;Kl) , (3.59)
K3 =D (I — AtK; + 2AtK,). (3.60)

It is the idential as that in the Heun’s scheme (eq. 3.52). Thus, the stable
condition is the same (eq. 3.56).
The Wicker and Skamarock (2002)’s Runge-Kutta scheme is described as

A =T+ AtKs, (3.61)

K, =D, (3.62)
A

Ky=D (1 T ;Kl) : (3.63)
At

K3;=D <I + 2K2) : (3.64)

The A and the consequent stable condition are the identical as the above two
schemes.

The four step Runge-Kutta scheme

The matrix A is

At
A:I+€(K1+2K2+2K3+K4), (365)

_ <1 — 612+ 604 —58(1 - 2u2)>

20801 —2%) 160+ 6

(3.66)

17



where

K, =D, (3.67)
At

Ky=D <I + 2K1) : (3.68)
At

K3 =D (1 + 2K2) : (3.69)

Ky = D(I + AtK3). (3.70)

The condition for stability is

v< —. (3.71)

“|S

The number of floating point operations with the four step Runge-Kutta
scheme is about 4/3 times larger than that with the three step scheme. However,
the time step can be 2\/6/ 3 larger than that in the three step scheme. Since
2v/6/3 > 4/3, the four step Runge-Kutta scheme is more cost effective than the
three step scheme in terms of numerical stability.

The forward-backward scheme

The stability condition is

1
v< —. 3.72
<75 (3.72)
The forward-backward scheme can be used in each step in the Runge-Kutta
schemes. The stability conditions are the followings:

The second step RK scheme

1
v< —. 3.73
<75 (3.73)
The Heun’s three step RK scheme
- (3.74)
<3 .
The Kutta’s three step RK scheme
<1 (3.75)
Vg .
TheWicker and Skamarock (2002)’s three step RK scheme
6
,< V6 (3.76)
4
The four step RK scheme
v < 0.66 (3.77)

Corresponding author : Hirofumi Tomita
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3.2 Spatial discretization

We employ the Arakawa-C staggered grid with the 3-dimensional momentum
(pu, pv, pw), density (p) and mass-weighted potential temperature(pf) as the
prognostic variables. Figure 3.1(a) shows the structure of the control volume for
the mass, indicating the location of each of prognostic variables. Conceptually,
we use the 4th order central difference scheme for the advection or convection
terms and the 2nd order central difference scheme for the other terms. Before
the discretization of differential equations, we should diagnose several quantities
from the prognostic variables.

Full-level pressure and potential temperature

o*

0); ;1 R*| 5
Di,j,k = Poo [(p Jis } (3.78)
Poo
0);.;
;0 = Pk (3.79)
Pi,j.k
(3.80)
Half-level density
_ Pi+1,5.k T Pijk
Puvg g = LEELEE L Pith (3.81)
_ Pij+1,k t Pi gk
Pij+ik = % (3.82)
_ Azppijk+1 + D2pt1pi gk
kel = 2 = 3.83
pz,j,k-&-% AZk +A2k+1 ( )
Half-level velocity
_ (P)it 15k
Ui jh = "= (3.84)
Pit}.j.k
_ (P”)i,j+l,k
Y (3.85)
1,j+35,k
(pw); jrs1
Ty = (3.86)
pl,],k+%
Full-level velocity
(pt)ig 1 jn+ (Pu)iy
Uik = +27j§ i S (3.87)
Pi,jk
(Pv)i 1+ (PV)i5-1
Ty = —— ik (3.88)
Pij,k
(pw); jrs 1t + (pw); 51
Wijk = 7]7k+22 i e (3.89)
Pi,jk
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3.2.1 Continuity equation

(6;)) _ (PU)H%,M - (pu)ifé,j,k
)i Az
B (pv)i,j-i-%,k - (Pv)i,j—ék
Ay
_ (Pw)i,j,k-s-% - (pw)i,j,k—% (3.90)
Az '

3.2.2 Momentum equations

Figure 3.1(a) shows the structure of the control volume for the momentum in
the x direction. The momentum equation is discretized as

(ap“> - _ (P 41,50 Tit 1,5,k = (P 5Tk
ot i+3,5.k A
Py ey 4T gk~ (P o3 Vi d bk
Ay
_ (PU)ig g gkt 3 Wit gkt d ~ (P k4Pt gkt
Az
_W (3.91)
where
pu)i,j,k
— pu)i+%7j7k + 7(pu)i+%,j,k + 7(pu)i—%,j7k - Um)i_%vj:k
_ (3.92)
12
()4 1,11
_ —(pw)ir 1 jyon +T(PWiy s jian T 7(P0)ir s ji — (pu)”%’j*l’kfi’) 93)
= \ ’

12
(P01 gt
=(Pw)ir 1 gy T 7Pyt jrrr + 70wy e — (PU)ig 1 ik

= 5 (3.94)

and the velocities at the cell wall for the staggered control volume to x direction
are defined as

Uip Lk T Uiml 5k

Uijk = 5 (3.95)
Uy il g+ U0 ial
_ J+ 5k i+1,j+35.k
Vitgitgk = - 9 : (3.96)
@i k4L + w; 5 1
_ - 2Jik+ 3 i+1,7,k+3
Wil jhts = 5 (3.97)

In this form, the 4th order accuracy is guaranteed on the condition of the con-
stant velocity.
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The momentum equations in the y and z directions are descretized in the
same way:

<8pv> _ )iy gy kT gk~ (P0)ing g kT g
Ot Jij+sk A
(PV); j1 6 Vi5+1.6 — (PU); ;4 Vijik
Ay
(PV)ia g ey Vi s — (PV)igrt o 1T g kg
Az
Pij+1k — Pijk 308
(8pw> _ )i e T g~ (PW)ing T gkt
Ot Jijked Az
(Pt e 3 i g e — (PW)i 1 1 Wi g ket
Ay
B (pw); k41 Wije+1 — (PW),; kWi gk
Az
Dijk+1 — Dijk
T A, Piak+id (3.99)
Pressure

Since the pressure perturbation is much smaller than the absolute value of the
pressure, truncation error of floating point value is relatively large and its pre-
cision could become smaller. Therefore, the pressure gradient terms are calcu-
lated from the deviation from reference pressure field satisfying the hydrostatic
balance. Additionally, the calculation of the pressure (Eq.2.60) is linearized
avoiding a power calculation, which numerically costs expensive.

-
_ c, POR*\ <5 —
AP+ = ( > 0 — pf
p=p R*C: Poo {p po}
ct
—p+ 2L 9y (3.100)
Cy pb
ct
D — Pref =P — Pref + %i(p@/ (3101)
cy, po
3.2.3 Energy equation
% _ (pu)i+%,j,k§i+%,j,k - (pu)i—%,j,kai—%,j,k
o). in Az
B (pv)i,j—&-%,kgi,j—i-%,k - (pv)i,j—%,kgi,j—%,k
Ay
_ (pw)i,j,k+%§i,j,k+% - (pw)i,j,k—%gi,j,k—%
Az

(3.102)

21



where

3 —Oiv2k +T0iv1 ik + 705k —Oion ik

Bt i = - (3.103)
= —0; 426+ 705 j1.6 + 70 50 — i -1k
Oijrae=—" ey J (3.104)
_ 0, 70, 0550 — Oy

97;,]‘7]@4,_% — ,3, k42 + aJ7kJ’;I-12+ .95k k=1 (3105)

3.2.4 Tracer advection

The tracer advection process is done after the time integration of the dynamical
variables (p, pu, pv, pw, and pd). We impose two constraints to tracer advection:

Consistency With Continuity ( CWC ) On the condition without any source/sink,
the mass concentration in the advection process should be conserved along
the trajectory. It is, at least, necessary that the spatially constant mass
concentration should be kept in any motion of fluid. In order to sat-
isfy this condition, we need to mass flux consistent with that at the last
Runge-Kutta process of Eq.(3.5) for integration of tracers:

(PQ)?;FJIC —(P9); .1 B (PWis 1 ki s gk — (PUi— 1 5 kTim 1t ok
At - Az
(P)i gt kgt — (PV)ij— 2 kT 1k
_ &
(PW); 5k 1T gyt — (PW)i k- 1T h—d
B Az
(3.106)

Monotonicity In order to satisfy the monotonicity of tracer advection, we
employ the Flux Corrected Transport scheme, which is a hybrid scheme
with the 4th order central difference scheme and 1st order upwind scheme.
If The 4th order central difference is applied, § is discretized as

_high _ —Gi+2,5k T G146 + 1G5k — Gi—1,4.k

Qs g, = 15 (3.107)

_high _ —Qig+ok 11k + TGk — Qij—1k

7, = . (3.108)

ik _ — Qi k42 + i g k+1 + TGk — k=1 (3.109)
1,5,k+35 12

On the other hand, in the 1st order upwind scheme q is described as

Ql.owl o qij.k ((pu)i-s-%,j,k >0) (3.110)
it g0k gi+1,5k (otherwise)

gow | = )Gk ((pu)i i1, > 0) (3.111)
btk ¢ij+1,x (otherwise)

gow = JGan ((PWijaey >0) (3.112)
6Jk+g ¢ jk+1 (otherwise)
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The actual q is described as

_ o —high —low
Tirygre = Cirggndiys .t (1 - Ci+%7j»k) 031 5 (3:113)
_ _ _high —low
Tgrin = Cipraalils ot (1= Cpesn) Ty, (3119)
— _ —hlgh —low
Yijk+3 = Ci,j,k+éqi,j,k+% + (1 - Ci,j,kJré) 9ijk+3 (3.115)

See the appendix for the method to determine the flux limiter.

3.3 Boundary condition

The boundary condition only for the vertical velocity at the top and bottom
boundaries is needed:

Wi hantd =0 (3.116)
=0 (3.117)

Wi 5 kmin—%

This leads to the boundary condition of the prognostic variable as

(PW0); j ket =0 (3.118)
(PW0); j ki1 =0 (3.119)

1
2

3.4 Numerical filters

We impose an explicit numerical filter using the numerical viscosity and diffu-
sion. Although the filter is necessary for numerical stability, too strong a filter
could dampen any physically meaningful variability. In this subsection, we de-
scribe the numerical filters used in this model, and discuss the strength of the
filter.

In order to damp the higher wavenumber component selectively, we adopt
the hyperviscosity and diffusion in the traditional way. The hyperviscosity and
diffusion of the nth order are defined as

o T an—lf-

ox _up 3x”—1]
for arbitrary variables (f € u,v,w,0,q) except the density. For the density, it
is defined as

(3.120)

g 8n_1p
Oz _Vax”*

The Laplacian of f is discretized as

1 1 1 1 1
Af; = —fix1 — s+ —fic1], (3.121
f Az, Affzur%f“ (Awi+% + A%—;) fi+ Axi,%f 1] ( )
and
1 1 1 1
An/Q = An/2—1 ; _ An/Z—l .
/ Az | Az fina Az + Az 1 4
1
—— A" 3.122
+Aa:i_% fi1 ( )
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Here we consider spatially dependent grid interval in calculating the Laplacian.
If it is calculated with constant Ax; as

1
Afi= N (fix1 —2fi + fic1), (3.123)
1
An/Zfz — @ <An/271fi+1 - 2An/271fi + A”/271f¢_1) , (3124)

K2

non-negligible numerical noise appears where the grid spacing varies (e.g., stretch-
ing layer near the top boundary).
The hyperviscosity and diffusion can be discretized as

0 an—lf Fi+% — Fi—%

* ~ 3.125

Oz [V'Oanlx} Ax; ’ ( )

where
Vi 1P 1
Halits n/2—1g  _ Am/2-1p
Pt Ko (A2 fiy — A1) (3.126)
The coefficient, v, is written as

Vipy = (—1)/y e (3.127)
va 2nAt '

where v is a non-dimensional coefficient. One-dimensional sinusoidal two-grid
noise will decay to 1/e with 1/+ time steps. Note that the theoretical e-folding

time is i—z% However, it is % with the fourth-order central scheme used in
this model.

For the numerical stability of the numerical filter itself, it should satisfy
v<1 (3.128)

for the one-dimensional two-grid noise, and

1
v<z (3.129)
3
for the three-dimensional two-grid noise. The conditions might be stricter for
other types of noise.
The flux, F, for the numerical filter is added to the advective flux as

(puf)]y s = (puf)iyy + Fiey, (3.130)

where the first term of the right-hand side is the flux calculated by the advection
scheme. In the present model, the advection scheme is the fourth-order central
difference scheme. This concept is very important for the CWC condition in
the tracer equations. The modified mass flux of the numerical filter should be
used in the tracer advection, otherwise the CWC condition is violated.

The numerical viscosity and diffusion in the y and z directions are formulated
in the same way as in the x direction, although a special treatment for the
z direction is needed. At the top and bottom boundaries, the flux must be

zero, Fy . 1= F, = 0. In order to calculate the F}, 1 and Fj__ . 1

o1 1
min — 3 3
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values beyond the boundaries, fx . +1 and fr_, —1, are required, then the mirror
boundary condition is assumed; fr .. +1 = —frne 0 flp—1 = — fp, - Lhis
condition is appropriate to cause the decay the vertical two-grid noise.

Vertical profiles of density, potential temperature, and water vapor usually
have significant (e.g., logarithmic) dependencies on height. Eq. (3.125) has
a non-zero value even for the steady state, and the numerical filter produces
artificial motion. To reduce this artificial motion, we introduce a reference
profile which is a function of height, and deviation from the reference is used as
f instead of p, 8, and ¢y in calculating the numerical filter. The reference profile
can be chosen arbitrarily, but a profile under hydrostatic balance is usually
chosen.
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Chapter 4

Terrain-following
Coordinates

Corresponding author : Hisashi Yashiro

4.1 Geometry and Definitions

We introduce a terrain following coordinate system with a new vertical coor-
dinate £. &-coordinate system is not deformable system. We use the relation
between z and & as

_ Ztoa(z - Zsfc)7 (41)
Ztoa — Rsfc

Where 20, is the top of the model domain and z,¢. is the surface height, which

depends on the horizontal location.

The metrics are defined as

0z

G: = e (4.2)
A () -
J5s = (gi)Z = —jzz (4.4)
=G = (45)
where
7= (5:). (1.6
Ty = (g;)g (4.7)
J3 =G3 (4.8)



If we use the Eqgs.(4.1)-(4.5), we obtain following equations:

. les 0J5.G2 | . les 0J5.G3
G:V¢ = ( axd)) + lgg e, + < 8y¢> + 2g§ ¢ é,
0J5.G3| .
i’gig”’ (4.9)
, oG oG IG3 ¢
G2V.(¢u)=< 8;[5“) +< 8;”) + a§¢€ (4.10)
3 3

where {&,,é,, é.} are unit vectors in Cartesian coordinate, and f is the vertical
velocity component in the terrain following coordinate, giving by

. d
¢ zdé = JSu+ J5v + J5yw. (4.11)

4.2 Summary of modified equations in the dy-
namical process

Prognostic variables by multiplying G % are defined as

(PQu)ijk = Gij,k(PQU)i,j,k, (4.12)
(Q0)i e = G, (P (4.13)
(PQs)i gk = Gij,k(l)qs)i,j,k, (4.14)
Rijw = GZ, pijik (4.15)
(PU)ig1 = G§+%7j7k(pu>i+%,j,kv (4.16)
(OV)igiye =Gy 1 (P0)igiy (4.17)
(W) jaes = G2y (P0)i s b (4.18)
(PO)ijh = Gij,k(W)i,mv (4.19)
Pojk = G2, pijh (4.20)

Eqs.(2.67)-(2.72) are modified using Egs.(4.9)-(4.11),
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(4.21)
(4.22)
(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

where Einstein summation has been used to implicitly sum over repeated indices,

and ($1,$2,$3) = (xayvg)v (Ul,'LLQ,Ug) = ('I.L,’U,g).

4.3 Spatial descretization
4.3.1 Continuity equation

(@)
ot )ik

(pU)iJr%,j,k - (pU)ifé,j,k
Ax

(pv)i,j+%,k - (PV)i,jf

Ay

1
3,k

+

~Z

x

z

1
2

n (J1£3)i,j,k+%(pU> igk+L T (J163)¢,j,k7%(PU) i, k—

A

yZ

igk+s T (Jgg)i,j,kfé (V)

Y

,9,k—

1
2

n (J§3)i,j,k+%(pv)
Ag

" (J§3)i,j,k+%(PW)i,j,k+% - (J§3)i,j,k+%(pw)i,j,k7%

Ag
where
(). (pu),
57 1 PU); g1+ (PU); ik
(pU) igk+i = Giz,jykﬂL% 2 ’
. (P0); 5 a1 + (p0);
— 1 PY)i 5 k+1 PY)ijk
(pV) igk+t = Giz,jykﬂL% 2 7

(pu)zjyk and (pv)f_wC are obtained by same manner in eq.(3.20)
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4.3.2 Momentum equations

(5 )"
T N

—~— T —~— T
(PU) ;11 j 81,56 — (PU); 125,k
Ax

—y B —y _
(PD) i1 it bgr sk — (PU) a1 3 0ind i1k

+ =
Ay
J o), T JE U, T
( 13)i+%7j,k+%(p )i+%,j,k+%ui+%,j,k+% —( 13)i+%,j7k7§(p )i+%,j,k7%ui+%,j,k7%
AL
'3 z =gz B 3 z =gz
(st)i+é,j,k+§(PU)¢+%J,k+%” i+3,0:k+3 (J23)i+%,j,k7%(pU)i-i-%,j,k—%v i+3.5,k—%
A¢
JE U), T JE ), T
( 33)i+%,j,k+%(l) )i+%,j,k+%wi+%,j,k+% —( 33)i+%,j7k—%(p )i+%,j,k7%wi+%,j,k—%
Ag
4 Bk = Pijk
Az
E Iz - § Tz
(J13)i+é,j,k+%Pi+é,j,k+% (JIS)iJr%yj,k*%PiJr%,jyk*%

A¢ ’
(4.32)
where (;)\ﬁ)zj’k, (;)\ﬁ)Z%JJF%’k and (/p\U/);%’j’kJr% is obtained according to
the method of eq(3.20)-(3.22). The velocities at the cell wall for the staggered

control volume to x direction are defined by eq(3.23)-(3.25). @ and 77 are
defined as

— _ Uit g gkt T ULk 433

Yird jkt+d = 9 ’ (4.33)
—y —y —y —y

=52 Uikt Uk T 0051 T Vi 4.34

Vot L k+1t = 4 ‘ (4.34)

P is defined as

e —ar Pi+1,4k+1 T Pit1,4k T Pijk+1 + Pijk
i3kt T ikl ikt 4 :

(4.35)

The momentum equations in the y and z directions are descretized in the
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same way:

— T

(OV)ig g g+ g it 3 gtk ~

opV

(OV)im gy i3 .543

( >i,j+;,k

ot Az
—y _ ——y
N (PV )i i1k Vii+1k — (PV); 1k Pijok
Ay
—ZYz z Yz
N (J53)ij+ b L (oV); FIRGUELLATE WIS (Jls)u+2,k—f(PV) PSR T
Ag
(J5)s 141 pa1 (BV): Tt pns — ()i ot ot (PV): I
23)i+ 3. k+3\PV )i Lk LY+ L k4] 23)i5+5. k= 3PV )i L - 21Vi5+3 k-4
Ag
3 =y ¢ i
(J33)ij+3 k41 (PV) ij+3 k3 ,a+%,k+% B (‘]33)i7j+%7k—%(pv)m+ k’—lw Litgh—g
A¢
n Pijiik — Pijk
Ay

¢
(J53)ije 2 2 Pyt s

(J2£3)i,j+%,k ;P’L‘]+ kf—

3

Ag
(4.36)

—

(pW)H'zJ,’H‘j i+5.0.k+3 7(pW)t—§7J,k+* i—3.5.k+3

_|_

Ax
i —
(pW)”+ bt 3T ey — Oy ki dTig 1kt
Ay
()i (OW) T 1 = (T5)i (OW) 00
AL
(J58)iattt (PW) e = (I5)ii (W),
AL
z
(S8t (W) s s = ()i (W), 07
AL
'3 £
(J33)ig,k+1Pijk1 — (J33)i5.k Pigok (4.37)

A
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4.3.3 Energy equation

().
ot ),

i—1.5k%i- 15k

(pU)i-&-%,j,kgi-&-%,j,k — (pU)
Az

100i5-1k

(PV)i sz ki1 e — (PV )i
Ay

(pU) z’,j,k—%gi,j,kf%

(J1§3)i,j,k+%(pU) i,j,k+%§i,j,k+% - (J1£3)i,j,k7%
Ag
¢ 3 ¢ R
(JQS)i,j,kJr%(pV) i7j7k+%9i,j,k+% - (J23)i,j,k7%(pv) i,j,k—%gi,j,kf%
Ag

(J§3)i,j,k+% (pW)i,j,k+%§i,j,k+% (J§3)i,j,k+% (pW)i,j,kfééi,j,kfé

Ag
(4.38)

where @#%’j,k, gi,j+%,k and ?i’j,,ﬁé are obtained according to the method of

eq(3.29)-(3.31).

32



Chapter 5

Map factor

Corresponding author : Seiya Nishizawa

5.1 Coordinate transform

A orthogonal rectangular coordinate (z,y,z). A orthogonal curvilinear coordi-

nate (&, 7, ().
The transform is defined by
ox . y .. 0z
P + e + Ze,, 5.1
e 6§e +a§ey+3€e (5.1)
ox . dy .. 0z
e, =€+ —é,+—é&,, (5.2)
n on on
ox . y .. 0z
e = a—cex + 8—Cey + a—cez. (5.3)
Reverse transform is
. 0¢ on ¢
€x = 5 e + 5267 + 926 (5.4)
. On on ¢
€, ayeg + By e, + By ec, (5.5)
. OC n ¢
€ % .§+&En+&e< (5 6)

k
The Jacobian matrix is { gii }.

The reverse transform after the transform of the transform after the reverse
transform make a vector to the original vector;

ok ozt
ozt 6‘51 - 617 (57)
ozt ogk
6% 907 = 7 (5.8)

where index which appares upper and lower suffix in a single term implies sum-
mation of the term over set 1,2, 3 (Einstein notation).
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Spatial partial derivative is transformed with the Jacobian matrix (covariant
transform);

0 ozt 0
ek~ 0k Dt (5.9)
o otk 9

927~ Dat 2% (5.10)

Velocity is transformed with the inverse of the Jacobian matrix (contravari-
ant transform);

agk .
k _ 7
¢t = e dz’, (5.11)
i 0ty
dz' = 85kd§ . (5.12)
The metric tensor, g; is defined by
oo = (0T (2
gkl = € - € = 06 i ¢, j
Ozt Ozt
= . 5.13
96, 06 (513)

For orthogonal curvilinear coordinates, the matrix gy; is diagonal. Metric
factor, hy is defined as

9 i\’
hkzgkkzz(afk) | (5.14)

%

Here we define the matrix, E¢ is

_ oz’ _
E:=(ece ec) H 1:Ex-{a£k}-H L (5.15)
where F, = (&, &, é.), and
hy 0 O
H=| 0 h 0 |. (5.16)
0 0 hs

The vector iek is unit vector and orthogonal each other, so the inverse of the

Ee is EJ.
ox' 1 71_ oz’ N\
(e {5t ) - (e Gwf o)
o¢t _ T IAN
H'{ax’f}'Exle 1{85’“} -Eg,

{ore) o (o) 21

—H?. {g”;k } . (5.17)
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That is )
¢k _ 1o
oxt hi ogk”

5.2 Governing equations

5.2.1 Continuous equation

Divergence of pu is

o . 0k (o
oz P17) = 5 e (p Dl d5>

o0&k 02' 0
— G g e el + e

lagk 62
Dt DEFDE
0 9zt 9%
= aigk(pdg )+Zh7ipd§ agkw

A
3€k (pde®) *Zth o (ask)

- erlote A a1 g

(pde®) +Z pdfl—ln h2

0
T ook ¢

d
= a—gk(pdf + pdfka—gk In( th

_, 0 _
= {J 8€k(pd§)+pd£k8€k 1}

0
= J o (J7 pde"
where J is the Jacobian of the Jacobian matrix and

1
J =

I 1 b '
The continuous equation is
8p d pdek
—+J—= =0.
¢ "o g

5.2.2 Momentum equation

Opder _ o0E* dpdx’
ot ozt ot
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(5.19)

(5.20)

(5.21)
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Advection term
o&*F dpdxtdr?
ort  OxJ
ok Opdx’ ;Odx?
= - | dx? - ¢ -
ox! ( o - pde ox7

— afk (Wd€l> %li ( agk Oz 3 9 n
" 021 \ 00" ) 97 Dem \"oen ) <3£l 5)865<a@€>

a0 (o L0 0 .
~ie e () + 56Ja£m<a§"§>

ok (ox' 0 0%x! o™ (0xI OdE™ 0%l
l el n n k n
faxz {Gev o0 04+ 8" i | + 6 515 (G e 4 g
8€k 82 i 6dfm 6fm ang
v k n k kgen9s
agl (pdé™) + ot dglaen T PIE e TP G Semaen
0 & 06k 92t kg l@f 0?2’
= o (pd*dg') + pdg'dg Dt DETDET + pd&™dg o7 DEToEm
o J—l agk 82 i
= J3 J ' —(pdcFd ™
{ oel (pdgdg') + pde®de’ oe } 97 DEOET
0
= J g pdetde! + pdg'dg T, (5.23)
where I' is the Christoffel symbols of the second kind, and
P 875}6 an'i
lm ot aglaf'rn
_ 1 kn 6gmn agln 6glm
—2f ( oer " oem e
1 Ohy, Ohy, 5hl
_ < Gt Do i SOt — W%), (5.24)
where {gF"} is inverse matrix of {gx,}.
Coriolis term
agk 1]p J p _ kim l m
o flpdz?P =€ hkhlh Fdem, (5.25)
where € is the Levi-Civita symbol, and
R agl .
L_ 25 ¢j
f 8x-7f . (5.26)
Pressure gradient term
sk ap ek (0 dp
Ozt dxt  Qxt \ Ozt OE!
_Losiog op
~ h2 Otk Ozt OE!
1 0p
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After all, momentum equation is

9
d§ +J e

1

(I~ pdetdg’) + pdg!de™ Ty, + M

Jp

g ogk

5.3 Map factor

» 08"

Oxp’

We introduce Map factor m,n.

1la
m
la

n

+z
a
+z
a

hihihm

where is a is radius of the planet. Assuming shallow atmospher,

m

n

Normalized velocity is defined as

a

>
Il
D‘

hs

w

= hl—l
=hyt.

df 1
dt m

dg

E7

dn 1dn
dt  ndt’

¢ d¢

Sdt — dt

The continuous equation becomes

ot

+

9 pi
"o T

The momentum equations are

dpi”

ot

+

a0 puak
8§ n

+ mmy, puu

— mamy,pii>

I

0& my,

9 0
ek m

+mn—

0
an

k0
+ nmypoi” — —
— — nmypd

+ pgosk.
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(5.30)
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This equation can also be written as

Opu O pu 0w O
at 9 n an m " ac’
— fpv —mnpv Uﬁ 1 —u2 1 ——m@
P P 06 \ n om\m)[| o€’
opv d puv 0 p 0
ot + na€ + P +a<pvw
+ fpu + mnpu vi 1 fug 1 *—n@
P P 0 \ n on\m)/)|  “on
Opw g dPew 0w O 0P
o T Ty m Tact T Tac Y

The thermodynamic and tracer equations

dpg . 0 pud d pdp  Opwd
— +mn —— =

ot % n e m o %
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Chapter 6

Horizontal explicit vertical
implicit

Corresponding author : Seiya Nishizawa

6.1 Equations

where
Gz S, =
G2S,, =

G289 =

000 _OWGirw  gig, (6.1)

ot 0¢
0Gzpw  AJGip 1
= — — G2 GQS W 6.2
ot o€ Pg+GEop (6.2)
G ph 0J33G2pwd 1
=— G2S 6.3
ot 85 + 05 ( )
Rp9 cp/Co
= P —_— .4
p 00 (Poo ) ) (6.4)
1 0pu 1 0pv
“or Ty
_aG%pu B GG%pv B aJlgG%pu—I— JggG%,ov (6.5)
ox* Ay* ¢ ’ '
1 dupw 1 dvpw 1 dwpw
¢ ox ¢ Jy ¢ 0z

_aGéupw 8G%va 0

—G3

— — —(J1gG%upw + J23G%’UP’LU + J;),;gG'%’wp’w)7

ox* dy* o€
(6.6)
1 Qupl 1 Ovpl
— G2
or dy
C0GEup)  0GEuvpf 013G Eupd + Jy3Gruph 6.7)

ox*

dy* o0&

39



6.2 Discretization

For the temporal discretization, backward temporal integrations are employed
for the terms related to acoustic wave in vertical direction.

n+l _ n 1 a 1 N N
% = *Gfgaf{J:BGQ (pw)" '} + 57, (6.8)
n+1

pw — (pw a n n n
( ) At ( ) -G~ 2 5&<J33G2p +1) gp + + Sp'wa (69)
et U B R (6.10)

At cn (p9) ot’ '

% _ —G—*f{Jgge 0" (pw)™ 1} + 87, (6.11)

Note that the potential temperature at previous step, 8", is used.
Eliminating p"*1, (p§)" !, and p"*!, the Helmholtz equation for (pw)"*! is
obtained:

At2g 0 At? 9 mpt 9J53G 20" (pw)n
n+l J G J P
N i A A Bz T T T
At 8 AtC p9
= " — — Atg(p™ + AtST) + AtS” .
(6.12)
Vertical differentials are discretized as follows:
n At?g 1oon
(pw)k_ﬁ/Q 1 {J33G2 (Pw)k::__;/g — J33G2 (Pw)k+}/2}
(A2k+1 + Azk)Gk+1/2
3 At? {<J33 CpD ) J33G% (pw) k1 3/20k13/2 — J33G 2 (pw)k 11205112
Azk+1/2Glf+1/2 P/ ki Az
CpP J33G'2 (Pw)k+1/2ék+l/2 - J33G%(pw)k71/2ék71/2
— | J33
copl Az,
= (Pw)ZH/z

A . A ) A
- —t; {J33G2pk+1 (1 + tcPSM) — J33GZpy (1 + tCPSP@> }
k+1 k

Azpi1/2Giiy o copl cpl
Atg
(p+ AtS,)k41 + (p+ ALS,) i} + AtS,y, (6.13)
where )
9k+1/2 = ﬁ (*9k+2 + 70k 1 + 70, — ak—l) . (6.14)
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Finally, we obtained

1 0,
_ : {AZ+3/2 Ak+1 + Bk+1/2} (pw)z_—:__ém (6.15)
Gk+1/2 k+1/2
0
+{1+ B (Apr + Ax) p (o) (6.16)
AZk+1/2Gk2;+1/2
1 ék7 n
_ % {AZ 1/2 Ak — Bk+1/2} (p’l,U)kii'/2 (617)
Gk:+1/2 k+1/2
= Ck+1/2; (618)
where
AL‘QJggG% Cpp
A = Jg5—L 6.19
o= S () (6.19)
At2gJ33G2
B = —J7o0 2
k+1/2 Acros + Azp’ (6.20)

Cry1/2 = (Pw)Z+1/2

JisGlpen (1+ A2 = TGl (14 A1)

At o -
Azp1/2Gi 402
 ArgP ALk + (0 + ALS) S (6.21)

2
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Chapter 7

Horizontally and vertically
implicit

Corresponding author : Seiya Nishizawa

7.1 Equations
The governing equation is the followings:

1

0Gzp/ B 78G%pu B G2 pv B 0J33G2 pw

ot e dy G )
3G;tpu _ _8§j*p’ LGS, (7.2)
8Gaipv _ _527';*17/ L GES,,, (7.3)
6G§tpw _ _angaCfp’ G g+ G, (7.4)
ac;ipe _ _862*;:63/)9 B 86;?:/)9 B Wssgswf") + G328, (7.5)
p = Py (%)Cﬁ/"‘“ , (7.6)
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where

Gis, = — 8‘]13@”“82 JQSG%””7 (7.7)
G%Spu =— acj;;:pu — aG;;ipu aaf(JlgG?upu + J23G2vpu + J33G2 wpu)
- (%(JBG%Z?'% (7.8)
G%Spv =— 86;;:/)1} — ac;izpv aag(JlgGﬂlpv + J23G2 vpv + J33G2wpv)
- %(J%G%pm (7.9)
GES,y = — 8G;;p v aG;ylip < gé(‘]l?)G Supw + JosGEvpw + Ja3GEwpw),
(7.10)
i,y = 913G Euph + ngc;%vpo. (7.11)

23

Prime describes deviation from a reference state, and the reference state depends
only z and satisfies in hydrostatic barance:

p =p—Dp 7.12
p'=p—p, (7.13)
W) _ e (7.14)

7.2 Descritization

For the temporal discritization, backward temporal integrations are employed
for the terms related to acoustic wave.

m+1 _ In

Pl G5 R AGH ()
—GZ—L@G@MM%+S (7.15)
(pu)nﬂAt_ (pu)™ o (Gf ety +5m, (7.16)
o~ o) _ -3 3‘9* (@) + 5, (747
e G — g 4 (718)
Z%;pm . (;:())m Hn(pg)nﬁnq% o (;’9’;”%’;9, (7.19)
O G (G ()} - G (G o))

~-G3 —{Jggaz 0" (pw)" Y + (7.20)

n
P>
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where k = ¢,/c,. Note that the potential temperature at previous step, 6", is
used.

In order to obtain Helmholtz equation, a linearized equation for the density
is used instead of Eq. 7.15.

1 p
m+1 / /m+41 /
P~ — o { nH_pm}. (7.21)

Here we assume that the potential temperature does not change during a tem-
poral step due to acoustic wave.

Eliminating (pu)”*, (pv)" 1 (pw)?*t,, and p™*!, the Helmholtz equation
for p'*1 is obtained.

% m—+1 % m+1 % m—+1
0 ( gn9GHp L0 [gn0Ghp L0 gn0T5sGhp
ox* ox* ay* oy* 85 o€

0 (J?,gG z260™p /”+1> B G%anm—’_l

I5¢ Cc2n AR2C2n
1 [0GE0" {(pu)" + AtS u} dGzO™ {(pv)™ + ALST Y 0J33GE0" { (pw)" + AtS?, }
= Al 6x* oy + ag
o | J3Gzompm sl GES,  GROTpT

+ ga§ { an J33G (p 9) + Al AtQCSQ" s (722)

where
c? = kL. 7.23
; (7.23)
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Spatial differentials are discretized.

1 0 (G%p/n+1)i+1 _ G%pmﬂ _a G%p/nJrl _ (G%p,nﬂ)i_l
7A$i i+1/2 AZii1)2 i—1/2 Az 1/
N 1 é o (G%p/n+l)j+1 _ G%p/n—&-l B é 1 2G%p/n+l _ (G%p/n—i-l)j_l
Ay; j+1/ Byj+1/2 j—1/ ayj_1/2
1 m+1 1 n+1 L ongl 1 a1
n 1 (s )isrjoliss o J3sGrply — JasGrp™ T (o)l 12 J33G2p J33G2pi,
Azk AZk+1/2 Azk'—l/Q
n 1 J33G%9p;2:_11 B J33G%9p;€”j'11 B G%ep/n-&-l
gAk“/Q + Az Ol Coh At2CE

1 Gf+1/2éi+1/2 {(pw)it1/2 + At(Spu)iz1/2} — Gfil/Qéi_l/Q {(pw)i—1/2 + At(Spu)i—1/2}

At Az
+ Gl iajabiniye {(0v)je1s2 + At(Sp0) i1 /2} = GFypliy2 {(pv)j1y2 + AYSp)m1/2}
Ay;
+J3SG%9’€+1/2 {(pw)is1/2 + At(Spw)ks1/2} — JBSG%9k71/2 {(pw)—1/2 + At(Spw)k—1/2}
Azk
1 TssGROp JaaGROpy A
- — J33G2{(p'0) 1 — ('O)1—
+gAZk+1/2+AZk—1/2 { CZein cy s3G{(PO)rsr — (P01}
G2S,0  G2Op™
T AL T AcE (7.24)
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Chapter 8

Physical parameterization

8.1 Turbulence

Corresponding author : Seiya Nishizawa

8.1.1 Spatial filter

The governing equations are the following:

% + %ﬁf =0 (8.1)
i 5%592% __ gﬁi + gpois (8.2)
% + ag;fe -Q (8.3)
Spatially filtering the continuity equation yields:
% + aa?ip =0, (8.4)

where ¢ indicates the spatially filtered quantity of an arbitrary variable ¢. Favre
filtering (Favre, 1983), defined by:

= pd
$= % (8.5)
renders the equation (8.4):
dp | Ouip
% o 0 (8.6)
The momentum equations become:
dpu; | Oujpu; op | _
=— 05 8.7
opi; dwpE 9 9
—_— = — (Si — — (uy i — U PU; 8.8
ot Oz Ox; T pois Oz (wipti; = wpis) (88)
Opu; ~ Ou; pu; op _ o _, —
= — (51' - Ui — U iU ) . 8.9
at axj 81'2 + gpoq3 axj P (u U’] U’]u ) ( )
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As the same matter, the thermal equation becomes:

op)  oiipd

=Q -

8ip (Ja - ﬁﬁ) . (8.10)

The governing equations for the prognostic variables (p, pu;, and pf) are:

dp  Ouip
el = 11
8t 61), 0’ (8 )
dpu; | Oujpu; aop | _ IpTij

ot 8xj 81'1 + 9poss a’Ej ( )

opd  dupd . dprP
o o 9T am (8.13)

where:

Tij :Ufﬁt/j *ﬁiﬁja (8-14)

Hereafter, we omit the overline and tilde representing the spatial and Favre
filters.

8.1.2 SGS model
Smagorinsky-Lilly model

The eddy momentum flux is:

1 1
Tij — ngk(sij = 72VSGS (SZJ — 3Skk5ij> s (816)

where S;; is the strain tensor:

o 1 8ul 8Uj
Sy =1 ( e axi) , (8.17)
and:
vsas = (CsA)? S| (8.18)

C; is the Smagorinsky constant, X is a characteristic SGS length scale, and |5]

is scale of the tensor S,
|S| = 1/25:;Si;. (8.19)

The eddy momentum flux is then:

1 2
Tij = —2I/SGS (S” — SSkkéw) + gTKEém, (820)
where: ,
TKE = Lr, — (V565 (8.21)
2 Ci\ ’

where C}, is a SGS constant and assumed to be 0.1, following Deardorfl (1980)
and Moeng and Wyngaard (1988).
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The eddy heat flux is:

00
D
P —_D 8.22
T SGS g (8.22)
where: 1

Dscs = Py VsGs: (8.23)

Pr is the turbulent Prandtl number. For other scalar constants such as water
vapor, Dggs is also used as their diffusivity.

To include buoyancy effects, the extension of the basic Smagorinsky constant
developed by Brown et al. (1994) is used.

vsas = (CsA)?|S|V/1 — Rf, (8.24)

where Rf is the flux Richardson number (Rf = Ri/Pr). Ri is the local (point-
wise) gradient Richardson number,

. N?
and N? is the Brunt-Visala frequency,
g 00

The Prandt]l number is an unknown parameter that depends on the Richardson
number, though it is often assumed to have a constant value. For unstable
conditions (Ri < 0),

vsas = (CsA)* |S|V1 — cRi, (8.27)
1
Dsas =~ (C.A\)?|S|V1 = bRi, (8.28)

where Pry is the Prandtl number for neutral conditions. The values of ¢, b, Pry
are set to 16, 40, and 0.7, respectively. The Prandtl number is then:

/1 —cRi

For stable conditions, when the Richardson number is smaller than the critical
Richardson number, Ri.(= 0.25),

Ri\*
vsas = (CsA)* S| (1 ~ ) ; (8.30)
1 Ri\* ,
Dsgs = Pra (Cs)\>2 |S] (1 — Riz ) (1—gRi). (8.31)

The constant ¢ is determined as the Prandtl number becomes 1 in the limit of
Ri — Ric and is then (1 — Pry)/Ri.. The Prandtl number is

. —1
Pr = Pry {1 —(1- PrN)IJ:Z } . (8.32)
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For strongly stable conditions (Ri > Ri.), eddy viscosity and diffusivity for
scalars are 0;

vsas = 0, (8.33)
Dsas = 0. (8.34)

The Prandtl number is Pr = 1.

Scotti et al. (1993) suggested that the length scale should depend on the
grid aspect ratio. Under equilibrium conditions with the universal Kolmogorov
spectrum, energy cascaded to the SGS turbulence, which is equal to SGS dissi-
pation, must not depend on the grid aspect ratio. The energy flux or dissipation
can be written as function of S;; and the length scale, A. The S;; depends on
the grid aspect ratio, so the length scale should have dependency on the aspect
ratio, cancelling the dependency of S;;. With some approximations, the authors
obtained an approximate function of the length scale ' :

A= fla)A, (8.35)
where f(a) is a function of grid aspect ratio, a, and

fa) = 1.736a/3{
4Py (by)a"® 4 0.222P5(b1)a~>/® + 0.077Ps(by )a~1/?
— 3by + 4Py (by) + 0.222P5(by) 4 0.077Ps(by) — 3by
}3/4, (8.36)

Here b; = arctan(1/a), by = arctan(a) = 7/2 — by, and

Pi(z) = 2.5P5(z) — 1.5(cos(2))?/® sin(z), (8.37)
Py(z) = 0.982 + 0.0732% — 0.4182% + 0.1202%, (8.38)
Ps(2) = 0.9762 + 0.18822 + 1.1692% + 0.7552* — 0.1512°. (8.39)

For instance, f(2) = 1.036, f(5) = 1.231, f(10) = 1.469, and f(20) = 1.790. A
is the filter length, and is here defined to be proportional to (AzAyAz)Y/3. In
this model, we introduce a numerical filter to reduce two-grid noise discussed
above. This filter also reduces two-grid scale physical variability. This means
that two-grid scale would be preferred for the filter length in this model rather
than grid spacing itself; that is:

A = 2(AzAyAz)/3, (8.40)

IThey considered two grid aspect ratios, while we consider only one, i.e. Az = Ay.
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Terrain-following coordinates

Tendencies representing effect of sub-grid scale turbulence with terrain-following

coordinates are as follows: ;

dG pu _ _8G%P7'11 _ 9G2 pris _ 813G priy + Joz G2 prig + J33G2 prig

ot ox* oy* o0&
(8.41)
dGz pu _ _3G%P7'21 _ 9G2 pros _ 0J13G pTog + Ja3G pTog + Ja3G7 pTog
ot Ox* oy* ¢ ’
(8.42)
8G%pw _ _8G%p7'31 o 8G%p7-32 _ 8J13G%p7'31 + JggGépng + JggGépng
ot Ox* oy* ¢ ’
(8.43)
0Gipd)  OGiprP  9GEprP  0J13GEprP + JpsGEprd + J33GEprd
ot or* oy* 0&
(8.44)
1 8G%u 8J13G%u
2 = 4
G251, ppe + BT , (8.45)
1 8G%’U 3J23G%v
G285 = 8.46
22 oy + PTa (8.46)
1 8J33G%w
3 =20 7 4
G2 S33 9 (8.47)
f 1(8G2u  0G2v  8Jy3Gru+ Ji3G2v
3 [ 4
ohsm (2510, 000 oaaGluscle)
1 - 1 8G%w angG%U + J23G%w
ohoam (e Shhvamoie)
1 o 1 3G%w 8]13G%w+J33G%u
G283 = 5 < pe + € ) , (8.50)
. 0Gz20  0.J13G20
P =D = 51
G>my SGS( prraies o€ ; (8.51)
1 0G=0  8.Jy3G20
G2 D _ —D 8.52
TS 5GS ( oy + BTz ) ) ( )
GirP = _DSG578J33G§97 (8.53)
3
. 8.J33G20
GiN? = 9973800 8.54
FRrT: (8.54)

2Equations that are not changed in the terrain-following coordinates are omitted.
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8.1.3 Discretization
Spatial discretization

We use the 4th order difference scheme for the advection term, as mentioned
in the chapter 3. The 7;; and 7P are proportional to the square of the grid
spacing (A?%). Due to consistency with the advection term in terms of order for
spatial difference, the second order central difference scheme is used for terms
of sub-grid scale turbulence. In the following part of this sub-section, overline,
and ¢, j, k have the same meaning as in the chapter 3.

Momentum equation The tendencies in the momentum equation related to
the sub-grid scale mode are:

0G* pu _ (@CEprnign — (G2 o)k
Ot it+l,5k Az
1_ 1__
_(G2Pm2)iv g grge — (G2PT2)ig g ik
Ay
{G2p(Ji3mi1 + JasTia + J33T13) by d et — {G*p(J13mu1 + Jagmia + J33Tis)isd je-g
Az ’
(8.55)
1_ 1__
8G%pv _ (GQPT21)i+%,j+%,k - (G2p7-21)i—%,j+%,k
ot ijrik Az
(@2 pran)igin — (G2 pan)ign
Ay
{GEp(Jrsmar + JasTos + J33728) bi s 1 ks — {G2D(J1aTar + JasToo + JasTas) by 1
Az ’
(8.56)
1_ 1__
BG%pw _ (G2p7-31)i+%,j,k+% - (G297—31)i—%,j,k+%
Ot ijk+1i N Ax
1_ 1__
_ (G2p7-32)i,j+%,k+% - (G2p7—32)i,j7%7k+%
Ay
_ {(G2 p(J13731 + Jo3 T30 + J33733) Vi g k1 — ((G3 p(J13731 + JazTss + J33733) }i gk
Az '
(8.57)
The p is:
_ Pij+1,k+1 T Pij+1k T Pijk+1 T Pijk
Pisepiry = 2 btk £ Pk TPk (g gg)
_ Pit1jk+1 + Pistgk + Pijr1 + Pijk
Pitljk+i = - ! ]4 = L (8.59)
_ Pi+1,5+1,k T Pit+1,5.k T Pij+1,k + Pijk
Pisdrih = R Lik (8.60)
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Thermal equation The tendency in the thermal equation related to the sub-
grid scale model is:

G p o (G%ﬁTlD)i+%,j,k - (GéiTlD)i—%,j,k
ot ik Ax
_ (G%ET2D)7, j+ik T (G%ET2D)7, j—3.k
Ay
B {G2p(J1s7P + Jasd + J3sm)}ijar s — (G2 P(Tism + Tos7d + Js378) Y, j
Az
(8.61)
The p at half-level is eq.(3.81)-(3.83).
The eddy diffusion flux, 72, at half-level is:
(@ 1P)s = Dasgnns o d COitrin = (C40is | 1G 0iryspy = (N13G20)iry sy
1 Jit+35,5,k SGS,i+35,7,k Ax Az )
(8.62)
1= 1=
(G27P); i1 p = —Dgggi i (@301 = (CH0)igi | PG Oiipars = (2aC30)isr oy
2 Ji,j+3.k SGS,i,j+35,k Ay Az ’
(8.63)
1 J33G20; j i1 — J33G20, 1
(GQTBD)Lj,kJr% = —Dsasijrsl ’ +Az e (8.64)

Strain tensor All the strain tensors, eq.(8.17), have to be calculated at full-
level (grid cell center), and some are at cell edges.
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e cell center (i,7,k)

1_ 1__
(G20)iy 1 50 = (G2W)ig i

(J13G%ﬂ)i+%,j,k+% - (‘]13G%ﬂ)i+%vja’f—%

1 .. — 2
(G2 S11)i 5k Ax Az 7
(8.65)
(G2 Sa2)i i = (G20); 010 — (Go0) 1 p (Jo3G20), vt — (J23G20); o1 gos
22)i,j,k = Ay Az 7
(8.66)
JggGéwi gl — JBBG%wi jk—1
GLS P IR 5 RT3 8.67
(G 533)i5,k Az ’ (8.67)
1 1_ 1_ 1__
PRV i el (LT N A TS B el AL TRV B
12)ijk = 5 Ay Ax

_’_(JQSG%E)Z’,J}M—% — (J23G20); gy + (J1aG70); gy — (J13G70), 5y }
)

Az

ol
Nl

w); 5410 — (G
Ay

@)i,jfé,k

) 1[G
(G28523)i .k = 3 {

1 1_ 1__
J33G2 Ui jhtd = J33G2vi7j),€_% + (J23G2w)i,j7k+%

(8.68)

Az

L 1 G%w qrl i — G%@ i—L1 4
(G2831)ijk = = ( Jivg ik~ ( )i-gi
> 9 Az

1 1_ 1__
Ja3G2 Uijrtl — J33G2ui,j7k_% + (J13G2w)i,j,k+%

)

- (J23G%w)i,j7k—% }

(8.69)

Az

o zedge (i+ 3,7+ 1,k)

- (JISG%w)i,j,k—% }

(8.70)

1__ 1__
(G20)ip1 5436 = (G20)i1 1k

1_ 1__
1 {(Ggu)i-&-i,j-&-Lk — (G2 Wiy ik +

1
(G=812)iy 1 410 = 2 Ay

1_
(J23G2W);i 11 i1 kst

Ax

1_ 1_
— (J2sGE0) iy g kg + (J13G20)ig g 511 ke

— (JldG%@)

o zedge (i,j+35.k+3)

1_ 1__
1 {(sz)i,jﬂ,m; - (G2w)i,j,k+%

1
(G2 523)i,j+%,k+% D) Ay

Az
(8.71)

1 1_ 1 1__
J33G20; 11 ppr = J33G20; o1 g+ (J3GPW); s iy — (J3GPW); 501 }

Az
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e yedge (i + 5,7,k +3)

1__ 1__
1 { (G"’w)i+1,j,k+% - (sz)iJ»k-‘r%

(G5531)i+%,j,k+% =9 Az

1__ 1__ 1__ 1__
J33G2U¢+%,j,k+1 - J33G2ui+%,j,k + (J13G2w)i+%,j,k+l - (J13G2w)i+%,j,k
Az ’

(8.73)

velocity Calculation of the strain tensor requires velocity value at cell center,
plane center, edge center, and vertex. The velocities at cell center (full-level)
are eq.(3.87-3.89):

e z-y plane center (i,j,k + 1)

Wi g k+1 + Wik

Uy sl = S (8.74)

_ Vi g k+1 T Uik

Vijk+i = bt IR 5 L (8.75)

_ (Pw)i.j,k+l

Wi gt = —_— 2 (8.76)
Pig k41

e y-z plane center (i + 3,j,k)

(PU)H%,J‘,}C

Ut jh=—"""", (8.77)
Pitl ik

_ Vit1,5,k + Vijk

Ui+%’j’k = —2 s (878)

_ Wit1,5,k + Wi, jk

Wit gk =" o - (8.79)

e z2-z plane center (i,7 + %, k)

_ Wij4+1,k + Wik
Yij+gk = o (8.80)

(pv)i,j+%,k

— , (8.81)
Pij+ik

Vij+ik =

_ Wi j+1,k + Wik
R (8.82)

e x edge center (i,j + %, k+ %)

— _ Wig1 k1 T+ Wik + Wi k1t Wik

Uij+ik+s = 4 ’ (8.83)
572 1 + U 1

_ Jtg.kt1 1,0+ 5.k

vi7j+%7k+% = 5 s (884)

_ Wikt T Wikt

Wijt+3.k+d = 2 : (8.85)
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e y edge center (i + %,j, k+ %)

Uit d k1 T Uigl

Uit L ghty = 2 ) (8.86)
_ _ Vit1,5,k+1 T Vit1 5k + Vijk+1 + Uik (8.87)
vi+%,j,k+% — 4 3 .

_ Wit1j e+t T Wijetd

wi+%,j7k+% = D) . (8.88)

e 2 edge center (i + %,j + %’/{)

Uit g1,k T Uit d ik

Uiyl jrdk = 5 ; (8.89)
Vig1,j41 e TV 401k

— _ ) 25 s 25

Uitd bk = 5 ) (8.90)

_  Wig1,j41,k T Wit1 5,k + Wi j+1,k + Wijk 8.91

Witlj+3.k = 4 : (8.91)

o vertex (i + 3,5+ 3,k + 3)

Uit d i1kt T Uil 16 T Wit d a1 T Uig L 5k

Yitdj+3.h+s = 4 ,
(8.92)

_ Uitk T 01k T Vi L k1 T Vi Lk

Vit lj+3k+3 = 1 :
(8.93)

_ Wit ikt T Wi el T Wikt T W5l

Witl j+3.k+3 = 1 :
(8.94)

Eddy viscosity/diffusion coefficient The eddy viscosity/diffusion coeffi-
cient, vsgs / Dsas, is calculated at full-level with S and Ri at full-level; at
half-level, it is interpolated to full-level.

Brunt-Visala frequency The Brunt-Visala frequency, N2 is required to cal-
culate the Richardson number at full-level.

g J33G%91',j,k'+1 - J33G%91‘,j,k—1

GIN?), 0 =
( ) Jk Gm-,k 2Az

(8.95)

8.2 Boundary layer turbulence model

Corresponding author : Seiya Nishizawa

8.2.1 Mellor-Yamada Nakanishi-Niino model
level 2.5
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%L: _ —%pW, (8.96)
% _ _%pm7 (8.97)
% _ _%pw7 (8.98)
agff = —%pm, (8.99)
%p(f = -2 (pu’w’gz + pv’w’gD + 29%pW - %W —2pe,  (8.100)

where:
Ga = Qv+ Qe+ Gr + 6 + qs + g, (8.101)

and ¢2 is doubled turbulence kinetic energy:
¢ =u?+ v+ (8.102)

The higher order moments and the dissipation term are parameterized as
follows:

— ou
"W = —LqSy— 8.103
u'w aSn 5 (8.103)
ov
W = —LqSy — 8.104
v'w aSn 5 (8.104)
—_— 06,
b’ = ~LqSu . (8.105)
—— 9qa
rw' = —LgSy—2 8.106
qq,Ww qoH 82’ ( )
9¢?
2w = —3LqSy —— 8.107
¢*w 95m 3 - ( )
0w’ = Bolw + Byg, (8.108)
q3
= 1
=B (8.109)
where:
®; — 3C,®
Sur = acAlw, (8.110)
Dy 5
®s + 3C, D
Si = Ay 22105 (8.111)
Dy 5
Bp =1+ 0.61q, — 1.61Q, — Rabe, (8.112)
B, = 0.616 + Rac. (8.113)
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Dy5 = P29y + P53, (

®; =1-302A3B5(1 — C3)Gyy, (

Py =1-9a2A;A5(1 — C)Gy, (
B3 = &) +902A2(1 — Cy)(1 — C5)Gy, (8.117

by =D — 12024, A5(1 — Co)Gy, (

5 = 602 A3G )y, (

(

_Jd/e 9<q
o = { v > 8.120)
L2 [ (ou\? ov\>
N R —
2
Gy = —%NQ, (8.122)
_ 1
R= 3 {1+erf (\/§>}, (8.123)
- Q 1 ai
R= %0 Vi ex ( 5 | (8.124)
1 i
Q= 205 {RQl + N exp (—2) } , (8.125)
a
Q1= 5. (90 — Qs1): (8.126)
2_ Loy 9qa 061 ’
oL = 4a L°a.BsSy P baz , (8.127)
Qs
0Qq = ; (8.128)
T |p_qg,
L -1
a= <1 + 5Qsl) , (8.129)
CP
b= %5@(31, (8.130)
— (14 0.61gs — 1.61Q) 212 ~ 1610 (8.131)
Cc = 01lq, . 1 TCp . s .

and Qg is the saturation-specific humidity at temperature T;(= 6,7/9).
The buoyancy flux term, which is the third term on the left hand side of eq.
8.100 is:

g g 00, 0¢a
220w =2 ( —BgLqSy— — B,L
o =25 (~oLasuGE - pulasu’ye )
__ 9 (5,20 5 0%
= 2LqSH00 (50 62’ +Bq az>
g 900,
= —2LqSy——~
QSHao 0z
= —2LgSyN?, (8.132)
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where N? is the square of the Brunt-Vaisala frequency.

8 o ou\® o)
5P 2quSM{<8z> +((‘3z> }

3
—2pLqgSyN? + 9 SquSng2
0z 0z

q

_9pd 8.133
PBI ( )

Swma2, SH2, and go are for level 2 schemes corresponding to Sy, Sy, and g,
respectively:

A1Fy Rp1 — Rf
Surs = - 8.134
M2 Ry~ RfOM2 ( )
_ Rfe—Rf
Swa = 3A2(71 + 72) 1—Rf (8.135)
o\  [ov\’
q% = BlLZSMQ(l - Rf) { ((;:) + (az> } . (8136)

Rf and Rf. are the flux Richardson number and the critical flux Richardson
number, respectively. The gradient Richardson number, Ri, is:

S
Ri = Rf SZ; (8.137)

Rf is then:

1 AyF. AF. AF A F 2
Rf=-"22{Ri+ ! lRfl—\/Rz’2+2 ! 1(Rf1—2Rf2)Ri+( ! IRﬂ) :

2 A Fy Ao Fy Ao Fy Ao Fy
(8.138)
Al
Rfc = 7 8.139
fe Y1+ 72 ( )
(8.140)
where:
—-C
Ry =By AL (8.141)
')
Ry =B 2. (8.142)
Fy

The turbulent length scale, L, is determined by the smallest length scale

among three scales:

L1t 1 o1
L Ly Ly Lg '

the surface layer scale, Lg, the boundary layer scale, L1, and buoyancy length
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scale, T'g:

kz/3.7, (>1
Ls =< kz/(14+2.7C), 0<¢<1 | (8.144)
kz(1—100¢)%2, ¢<0
< qzd
Ly = 0.23M, (8.145)
Jo adz
q/N, 00,/0z>0and ¢ >0
Lg =< {1+5(q./LrN)"/?}q/N, 86,/0z>0and <0 |, (8.146)
0, 89@/82 S 0
where ( is the dimensionless height:
z
= —. 8.147
=y (5.147)
Ly is the Monin-Obukhov length:
0 3
Ly = — % (8.148)
kgt w',

where u, is the friction velocity, and the subscript g denotes the ground surface.
q. is a velocity scale defined in a similar manner to convective velocity w,, except
that the depth z; of the convective boundary layer is replaced by L;:

p 1/3
4. = {%egw'gLT} (8.149)
]_ _
A =B 6371, (8.150)
1
Ag=m —— (8.151)
3B Pry
By = 24.0, (8.152)
Bs = 15.0, (8.153)
1
Cr=y— ——, (8.154)
34,B)*
Cy = 0.75, (8.155)
Cy = 0.352, (8.156)
Cs = 0.2, (8.157)
v1 = 0.235, (8.158)
241 (3 — 2C3) + By(1 — C-

Ny = 1( 2)31 2( 5)7 (8.159)
Fy = Bi(y1 — C1) + 241(3 — 2C2) + 345(1 — Co)(1 — C5), (8.160)
Fy = Bl(')/l + ’}/2) — 3A1(1 — Cg), (8161)
Pry = 0.74. (8.162)
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Discretization

The diffusion equations for ¢g%a are solved implicitly:

()"t = (g)"

ou\ ov\?
=2p | (L — — LqSyN?
Pk A7 pr | ( qSM)k{<8Z> +<6z> }+( qSH )k‘|
1 (@)™ = (@)™
+ Aor {(3PLq5M)k+; Aury — (3pLqSn)p—1
209k |, 2\ni1
- . 1
BiLy (a5) (8.163)
ap (o)™ 0k(gR)" + erl(gi_)" = dy, (8.164)
where:
At
Qg AZkJr%AZkPk (3p qSM)k:—‘r%? (8 65)
2A¢
by = —ap — cp + 14 Blzk, (8.166)
At
ck = (3pLaSn)p—1, (8.167)

B AzkAzk_%pk

di. = (gi)" + 2At

LqSyy { (gj)z + (gg)Q} — LqSHNﬂ (8.168)

(@)™ = ex(giy )™ + fr (8.169)
where:
ag
=0, 8.170
o bk + crep_1 ( )
dy, — cx fr—1
= 8.171
fk br + crer—1 ( )

Vertical fluxes for pu, pv, pd, pq, are also solved implicitly. For instance, the
flux for pu, F, is calculated by:

n+1 n+1

uptl —u
kbl = (PL(ISM)H%M- (8.172)

F,
Azpys

u

u™t! is calculated as the same way with ¢2, but:

At

=———(pLqS 8.173
ag A2k+%A2kPk (pLq M)k+%a ( )
by = —ar — ¢ + 1, (8.174)

At

=———(pLgS 8.175
Ck AzkAzk,%pk (pLq M)k—%a ( )
di. = uy,. (8.176)
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8.3 Microphysics

Corresponding author : Yousuke Sato,
Kenta Sueki, and
Toshiki Matsushima

8.3.1 Kessler Parameterization

SCALE implements a one-moment bulk microphysical scheme, which treats only
warm clouds (cloud and rain). This scheme predicts the mixing ratio of cloud
(Qcloud) and rain (Qqin ). Cloud microphysical processes treated in this scheme
are saturation adjustment (corresponding to nucleation, evaporation, and cloud
condensation), evaporation, auto-conversion, accretion, and sedimentation. The
tendency of Qcioud, Qrain, and @, (vapor mixing ratio) is as follows:

8@5;01“1 = dQ‘sat - dQ‘aut() - dQ|acc (8177)
8 rain

Q@t = dQ‘aut() + dQ|acc - dQ|evap - FQTlsed (8178)
0Qy

gt = dQ‘evap - dQ|sat (8179)

where dQ|sat, dQ|auto, dQlace, and dQ|evap represent the mixing ratio ten-
dency by saturation adjustment, auto-conversion, accretion, and evaporation,
respectively. F, |seq represents flux of @), by sedimentation.

dQ|auto, dQ|ace, and dQ|evap are given as:

-3 -3
WQuio = | Frot 17 (G = 107 5.150)
ancc = 22X choud X ansl’:{a (8181)
45— Qetoud _ (P*Qrain)’°?®
ven 5 S> CLOU
AQevap = Joent =325 5.4 105 4 2:33X10% (45 > Qetoud) (8.182)
0 (else)

where f,en: is the ventilation factor (fyens = 1.6 + 124.9(pQ;ain )°-2%46), and
the unit of dQ ..« is [kg/kg/s]. p, ¢s, and p are pressure, saturation vapor mixing
ratio, and total density, respectively.
dQ|sat i given as:

dQ‘sat = Qv — (s- (8183)

Terminal velocities of cloud (V;,.) and rain (V;,) are given as:

Vie = 0 (8.184)
Vie = 36.34(pQrain) " 3% [m/s] (8.185)

3
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8.3.2 Six-class Single-moment Bulk Scheme (Tomita 2008)

Six-class single-moment bulk scheme in the SCALE was developed by Tomita
(2008). This scheme predicts mass exchange among six categories of water sub-
stances (water vapor, cloud water, rain, cloud ice, snow, and graupel), which
is largely based on the method of Lin et al. (1983). However, there are some
modifications from the original method of Lin et al. (1983): Both cloud water
and cloud ice are generated only by a saturation adjustment process, and wet
growth process of graupel is omitted. According to Tomita (2008), these mod-
ifications result in 20% reduction in computational cost compared to Lin et al.
(1983) without significant changes on physical performance. In this subsection,
the formulations of the microphysical scheme of Tomita (2008) are described.
Mass concentrations of water vapor, cloud water, rain, cloud ice, snow, and
graupel are indicated by q,, Qw, Qr, Qr, @s, and Q¢ respectively.

In Tomita (2008), cloud microphysics processes except for the saturation
adjustment process consist of auto-conversion, accretion, evaporation, sublima-
tion, deposition, melting, freezing, and Bergeron process. When T' < Ty (=
273.15 K), the tendency of each water substance by these processes can be
written as follows:

0
% = —Pravr — Pracw — Psacw — Pcacw — Psrw, (8.186)
@ __p P P P, P
ot =~ Dsavr — Pracr = Psacr — Faacr = Psrr, (8.187)
Cr _ p P P P P, P, P,
o~ Pravr + Pracw — Pracr — Psacr — Peacr — Perrz — Preve,
(8.188)
0
% = Psavr — Paaur
+ Psacw + Psacr + (1 = 01)Pracr + (1 = 61)Pracr + 62Psacr — (1 — 02) Pracs — Paacs
— (1= 63)Pssup + 03Pspep + Pspw + Psrr, (8.189)
0Qa
Y7 — P
5 GAUT
+ Poacw + Poacr + Poacr + Poacs + 01Pract + 61 Pracr + (1 — 02)Psacr + (1 — 82) Pracs
— (1 =463)Pgsup + 03Pcpep + Porrz, (8.190)
0
;tv = Prpvp + (1 —03)Pssup + (1 — 03)Pasup — 03Pspep — 0sPapEP,

(8.191)

where P, in the right hand sides are conversion terms listed in Table 8.1, and
01, 02, and d3 are defined as

1, f > 107 kg/k

b= for@n = s/ke (8.192)
0, otherwise
1, f <107* kg/kg and Qs < 10~* kg/k

5y = 1 Tor@r < g/kg and Qs < g/kg (8.193)
0, otherwise
1 f Sice > 1

D (8.194)
0, otherwise

62



where S;.. is saturation ratio over ice. When T > Ty, the tendencies of each
water substance can be written as follows:

09w
ot

001
ot

9Qn
ot

Qs
ot
9Qc
ot
0q

ot

= —Pravr — Pracw — Psacw — Paacw,

0,

(8.195)

(8.196)

Pravr + Pracw + Psacw + Pagacw + Psyor + Pavrr — Preve,

—Pgacs — Psyrrs
Pcacs — Pamrr,

Prevp.

Formulation of each term is described later.

(8.197)

(8.198)
(8.199)

(8.200)

Table 8.1: List of conversion terms used in six-class single-moment bulk scheme
of Tomita (2008)

Notation Description Direction Conditions

Pravr Auto-conversion rate of cloud water to form rain Qw — Qr

Psavur Auto-conversion rate of cloud ice to form snow Qr — Qs T<T

Peavr Auto-conversion rate of snow to form graupel Qs — Qe T<Tp

Pracw  Accretion rate of cloud water by rain Qw — Qr

Psacw Accretion rate of cloud water by snow Qw — Qs T<Ty
Qw —Qr T>Tp

Paacw Accretion rate of cloud water by graupel Qw — Qe T<Tp
Qw — Qr T >Tp

Pracr Accretion rate of cloud ice by rain Qr — Qs T < Ty and Qg < 10~T kg/kg
Qr — Qe T <Tpand Qr > 107* kg/kg

Psacr Accretion rate of cloud ice by snow Qr — Qs T<Ty

Pcacr Accretion rate of cloud ice by graupel Qr — Q¢ T<T

Pracr Accretion rate of rain by cloud ice Qr — Qs T <Tpand Qr < 107 kg/kg
Qr — Qe T <Tpand Qr > 107* kg/kg

Psacr Accretion rate of rain by snow Qr — Qs T <Tp, Qr <10~ T kg/kg, and Qs < 10~ 7 kg/kg
Qr — Q¢ T <Tpand (Qg or Qs) > 107* kg/kg

Poacr Accretion rate of rain by graupel Qr — Qe T<T)

Pracs Accretion rate of snow by rain Qs — Q¢ T <Tyand (Qg or Qs) > 10~* kg/kg

Poacs Accretion rate of snow by graupel Qs — Qa

Prpvp Evaporation rate of rain Qr — @

Pssup Sublimation rate of snow Qs — v Sice < 1

Posup Sublimation rate of graupel Qe — @ Sice <1

Psprp Deposition rate of water vapor for snow ¢y — Qs Sice > 1

Pepep Deposition rate of water vapor for graupel ¢ — Qc Sice > 1

Psyrr Melting rate of snow Qs —Qr T2>T1,

Poymrr Melting rate of graupel Qe —Qr T2>T1,

Porrz Freezing rate of rain to form graupel Qr — Qe T<Tp

Pspw Growth rate of snow by Bergeron process from cloud water Qw — Qs 243.15 K <T <Tj

Pspr Growth rate of snow by Bergeron process from cloud ice Qr — Qs 24315 K <T < Ty

The saturation adjustment

Mass exchange among water vapor, cloud water, and cloud ice is controlled

by the saturation adjustment.
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calculated after the aforementioned conversion processes of the microphysics.
To calculate the adjustment process, saturated mass concentration of water
vapor is defined as follows:

(1) = qu(T) + [1 — (1)) gy (T), (8.201)

where ¢’ (T') is saturated mass concentration of water vapor against liquid
phase, ¢};(T) is that for ice phase, and «(T) is a continuous function which
satisfies

a(T) =1, for T > 273.15 K,
oT) = L=22315 0 for 23315 K < T < 273.15 K, (8.202)
ao(T) =0, for T < 233.15 K.

If it is supersaturated, water vapor is converted into cloud water and cloud ice.
If it is unsaturated, cloud water and cloud ice are converted into water vapor.
As a conserved quantity for the adjustment process, the moist internal energy
is also defined as follows:

UO = [Qded + qvCov + (QW + QR)CZ + (QI + QS + QG)CS]T
+ QULU - (QI + QS + QG)Lfa (8203)

where L, is the latent heat between water vapor and liquid water, L; is that
between liquid water and solid water. In addition, the sum of the mass concen-
tration of water vapor, cloud water, and cloud ice

Qsum = Qv + QW + Q17 (8204)

does not change through the saturation adjustment.

First, it is assumed that all of the cloud water Qu and cloud ice Q; evap-
orate. In this case, the mass concentration of water vapor becomes equal to
¢sum and the temperature decreases due to the evaporation. The moist internal
energy can be written as

Ul = [qdcvd + GsumCov + QRCl + (QS + QG)CS]Tl

Since the moist internal energy does not change through the saturation adjust-
ment, we can obtain the new temperature value T} easily by solving Uy = U;.
Then, if gsyum, is less than saturated mass concentration of water vapor at this
temperature (i.e. gsum < ¢:(T1)), no saturation occurs and the new values of
water vapor ¢, cloud water QY cloud ice @}, and temperature 7" are deter-
mined as

qi; = Qqsum)
!/
=0
g,W B 07 (8.206)
I - Y%
T =T.
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If Gsum exceeds ¢ (T1), saturation occurs. In this case, new temperature
value T5 should be determined by satisfying the equations of

Uo = [qacva + a4, (T2)con + (Qw2 + Qr)cr + (Qr2 + Qs + Qa)cs] T

+qy(T2)Ly — (Qr2 + Qs + Qa) Ly, (8.207)
Qw2 = [qsum — ¢, (T2)]a(T3), (8.208)
Qr2 = [gsum — ¢, (T2)](1 — a(T3)). (8.209)

Egs. (8.201) and (8.207-8.209) are solved numerically and the new values are
determined as

q; = q;(T2)7
! —
Q,W = Qwa, (8.210)
Q[ = Q127
T =T

Fundamental characteristics of precipitation particles

In the reminder of this subsection, the formulations of all conversion terms
listed in Table 8.1 are shown. Before that, however, it is necessary to clarify
assumptions about the characteristics of precipitation particles (rain, snow, and
graupel). In Tomita (2008), it is assumed that seizes of precipitation particles
obey the Marshall-Palmer exponential size distribution:

nr,s,6)(D) = Nojr,s,q) exp(—=A[r,s,61 D), (8.211)
where D is the diameter of particle, Ny is an intercept parameter, and A\ is
a slope parameter. The subscriptions of R, S, and G denote rain, snow, and
graupel, respectively. In the SCALE, each intercept parameter has values of

Norp =8.0x105m™*
Nos =3.0x 10 m~4, (8.212)
Nog =4.0x 105 m=*

The mass and terminal velocity of each particle are described as

migr.s,c)(D) = 5,6/ D" (8.213)
1/2
vyr,s,q)(D) = C[R,S,G]de’s'c] <pp0) (8.214)

where py (= 1.28 kg/m?) is a reference density, and a, b, ¢, and d are coeffi-
cients depending on the particle shape. All precipitation particles are treated
as spherical, thus

arR = Tpy/6, as=mps/6, ag=7pc/6, (8.215)

br = bs =bg = 3, (8.216)

where p,, = 1000 kg/m?3, ps = 100 kg/m3, pg = 400 kg/m>. The coefficients c
and d are determined empirically. In the SCALE, their values are

cg = 130.0, cg =4.84, cg = 82.5, (8.217)

dr =05, dg=0.25, dg=0.5, (8.218)
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The slope parameters are determined from Eqgs. (8.211) and (8.213) as

NT 1 1/(b+1)
A= [ao(b—i-)] 7 (8.219)

pQ

where I' is the gamma function. The bulk terminal velocities are derived as

<p0>1/2 T(b+d+1)

Vr=c T+ A

(8.220)

Note that subscription R, S, and G in Egs. (8.219) and (8.220) are omitted for
simplicity.

Auto-conversion terms

The auto-conversion rate of cloud water to form rain (Prapr) is given as

(8.221)

1 3.6 x 10°°N,\ *
PRAUT = ; |}67 X (,OQV[/)2 (5 + d) ‘| s

DapQw

where Ny is the number concentration of cloud water (Ng = 50 cm™2 in the
SCALE) and Dy is given as

Dg = 0.146 — 5.964 x 10~ 21n 2]8[30. (8.222)
The auto-conversion rate of cloud ice to form snow (Psapr) is given as
Psavr = B1(Qr — Qro), (8.223)
where Qo is set to 0 kg/kg and f; is formulated as
B1 = Proexplysavr(T — Tp)]. (8.224)

B1o0 and ysayr are set to 0.001 and 0.025, respectively, in Tomita (2008). In
the SCALE, however, they are set to 0.006 and 0.06 as default settings. The
auto-conversion rate of snow to form graupel (Pgayr) is given as

Peavr = B2(Qs — Qs0), (8.225)
where Qg is set to 6 x 107% kg/kg and (35 is formulated as
ﬂg = ﬂgo exp[’yGAUT (T - To)] (8226)

B20 and ygaur are set to 0.001 and 0.09, respectively, in Tomita (2008). In the
SCALE, however, 829 = 0 as a default setting, which means that auto-conversion
of snow to graupel is turned off.
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Accretion terms

Accretion of cloud particles by precipitation particles (Pracw, Psacw, Paacw,
PRACI, PSACI7 and PGACI) can be derived as

T
Pracw = ERWQW/ ZDQUtR(D)nR(D)dD
0

B ANEFdn p ’ '
7Esw NoscsQwl(3 +ds) (po\"*
Psacw = D " , (8.228)
s
7Eaw NoacaQwl(B +da) (po)"*
Pgacw = Ao =) (8.229)
G
_ mERrrNorcrQ1T'(3+dr) ( po 12
Pracr = IR " , (8.230)
_ mEs1NoscsQrl'(3+ds) ( po 1z
Psacr = e =) (8.231)
TEqrNoaeaQrI'(3+ da) [ po 1/2
Peacr = N n , (8.232)
G

where Frw, Esw, Ecw, Err, Esr, and Egy are collection efficiency of each
accretion process. In the SCALE, Erw = Esw = Eew = Er;r =1, Eqr = 0.1,
and Fg; is formulated as

ES] = exp[’ysACI(T — To)], (8233)
where vsacr is set to 0.025. When the accretion of cloud ice by rain occurs,

rain freezes to become snow or graupel. Thus, the conversion term from rain to
these particles (Pracr) should be considered. It is derived as

1 [ T
Pracr = ;/ NIERIZDQ'UtR(D)mR(D)nR(D)dD
0

_ marErrQrNorcrl' (6 + dr) (po) i , (8.234)

AMpAGFn p
where N is the number concentration of cloud ice, and My (= 4.19 x 10~'3 kg)

is mass of cloud ice particle.
Accretion of precipitation particles (Psacr, Paacr, and Pgacs) can be
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derived as

1 [ T
Psacr = - / Esgmgr(Dgr)nr(DRr) {/ Z<DS + Dg)*|Vrs — Vrr|ns(Ds)dDs | dDg
0 0

_ 7magr|Vrs — Vrr|EsrNosNor

4p
I'br +1)I(3)  T(br+2)I'(2) T'(br+3)I(1) 8.935
x )\bR+1>\3 )\bR+2)\2 )\bR+3)\ ’ ( ! )
R S R S R S
P _ mar|Vre — Vrr|EgrNocNor
GACR = 1
[T(br +1)0(3)  _T(bp+2)0(2) T(bg+3)I(1
T, AL t2)2, ALt
P _ 7as|Vra — Vrs|EasNogNos
GACS = 1
[T(bs + DI(3)  T(bs +2)I(2) T'(bs +3)I(1
T AL 22, W

where Fsgr, FEgr, and Egg are collection efficiency of each accretion process.
Note that terminal velocity for each particle size is approximated by the bulk
terminal velocity (e.g. |vis(Dgs) — vir(Dgr)| ~ |Vrs — Vrgrl|). In the SCALE,
Esr = Eqgr =1, and Egg is formulated as

Egs = min(1, exp[ygacs(T — Tv)]), (8.238)

where vgacs is set to 0.09. When the accretion of rain by snow occurs under
the condition of Qr > 107* kg/kg or Qs > 10~* kg/kg, graupel particle is
generated. Thus, the conversion term from snow to graupel (Pracs) should be
also considered. It can be written as

mas|Vrr — Vrs|EsrNorNos

Pracs =

4p
T(bs + 1)T'(3) 2F(bs +2)I'(2)  T(bs+3)I(1) (8.239)
)\bss—O—l )\:;% )\bss+2>\2R )‘gs+3)\R
Evaporation, sublimation, and deposition
Evaporation rate of rain (Prgpy p) is described as
b 2w Nor(1 — min(Syig, 1))G (T)
REVP =
p
r(2 1/4 r(de
X flR% + f2RC};{2 (ppo) V_l/Q(T?iR) ; (8.240)
R

AR’
where S};, is saturation ratio over liquid, coefficients fir and far are 0.78 and

0.27 respectively, v is the kinematic viscosity of air, and G,,(T) is the thermo-
dynamic function for liquid water given as

L L 1 -1
T) = | =2 v 241
Gu(T) {KaT (RuT )+ ﬂqil(T)Kd] ’ (8.241)
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where K, is the thermal diffusion coefficient of air and K  is the diffusion
coefficient of water vapor in air. Prgy p works only when Sy;, is less than 1 (i.e.
unsaturated condition).

Sublimation and deposition rates for snow (Pssyp and Psppp) are de-
scribed by the same equation:

27TN05(1 — Swe)Gl(T)

* —
PSSUB,SDEP -

P
(2 1/4 I(3tds
x fls% + fasey” <p°> u*l/Q(T%is) . (8.242)
S P >\S )

where coefficients f15 and fag are 0.65 and 0.39 respectively, and G;(T) is the
thermodynamic function for ice water given as

L L 1 -1
Gi(T) = | == )| 8.243
@) [KaT (RuT )+ pqii(T)Kd] ( )

where L is the latent heat between water vapor and solid water. If it is unsat-
urated (S;ce < 1), the sublimation rate of snow is given as

PSSUB = Pg‘SUB,SDEP~ (8.244)

If it is supersaturated (S;.. > 1), the deposition rate of water vapor for snow is
given as
Pspep = —FPssup spep- (8.245)

Also sublimation and deposition rates for graupel (Pgsyp and Poprp) are
described by

27TNog(1 — Sice)Gi(T)
p
(2 1/4 I(3tde
bite 2) + faced? (p;) V*I/zi( = ) . (8.246)
A

2
2 ;
G

* —
Pesup,acpep =

where coefficients fi1¢ and fo@ are 0.78 and 0.27 respectively. If it is unsaturated
(Sice < 1), the sublimation rate of graupel is given as

PGSUB = PéSUB,GDEP' (8.247)

If it is supersaturated (S;.. > 1), the deposition rate of water vapor for graupel
is given as
Pepep = _PE‘SUB,GDEP' (8.248)
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Melting and freezing

When T > T}, snow particle melts to become rain. The melting rate of snow is
described as

27TKa(T — TO)NOS’

Psyrr = oL
(2 1/4 - F(5+ds)
< | fus /\(2) +f250ig/2 (/’0) v 1/2T245
S P /\S 3
T — T
+ u(PSACW + Psacr)- (8.249)

Ly

The last term indicates that the accretions of cloud water and rain promote
snow melting. Similarly, the melting rate of graupel is described as

QWKa(T - To)N()G

Poyrr = oL
(2 1/4 B F(5+dc)
« | frc )\(2) + fagcl? <P0) vzl 2 )
G P )‘G 2
T — T
+ Cl(LfO)(PGACW + Pgacr)- (8.250)

When T < Tj, rain particle freezes to become graupel. The freezing rate of
rain is described as
explA'(To —T)] -1
AT ’
R

Parrz = 2OWQB’N0R%” (8.251)

where A’ = 0.66 K~! and B’ = 100 m~3 s~ 1.

Bergeron process

When cloud water and cloud ice coexist under the condition of T' < Tj, super-
cooled cloud water evaporates and diffuses to cloud ice because the saturated
vapor pressure over liquid water is higher than that for solid water. This process
is called Bergeron process. Through this process, cloud ice particle grows to be-
come precipitating snow particle. Thus, mass conversion from cloud water and
cloud ice to snow occurs. Conversion rates of cloud water (Pspw ) and cloud
ice (Pspy) are formulated as

Pspw = Niso(a1m$Z, + mErw pQw RisoUrso), (8.252)

Pspr = Qr/Aty, (8.253)

where myso (= 4.8 x 10710 kg) and Usso (= 1 m/s) denotes mass and terminal
velocity of ice particle having a radius of 50 um (= Rysp), and Ejw = 1 is
collection efficiency of cloud ice for cloud water. The values of a; and asy is

determined from a laboratory experiment by Koenig (1971). Aty is the time
during which an ice particle of 40 um grows to 50 pum, which is formulated as

1
Aty = ——— [miz2 —mi o], 8.254
1 al(l—az)[ 150 140 ] ( )
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where myy0 = 2.46 x 10710 kg. Ny50 is the number concentration of 50 um ice
particle which is formulated as

QrAt

—_— 8.255
mrsoAty ( )

Nr150 = qrs0/mis0 =
In the SCALE, the Bergeron process occurs only when 243.15 K < T < T.

Optional schemes in the SCALE

There are some optional schemes which can be applied to the six-class single-
moment bulk microphysics. Cloud ice generation can be explicitly solved as
the original method of Lin et al. (1983), instead of the saturation adjustment
process. Conversion terms of cloud water to rain (Prayr and Pracw) can
be replaced with those used in Khairoutdinov and Kogan (2000). Intercept
parameters of particle size distribution (Nogr, Nos, Nog) can be diagnostically
derived by using the equation of Wainwright et al. (2014), instead of the constant
values. Bimodal particle size distribution can be applied to snow following Roh
and Satoh (2014), instead of the Marshall-Palmer exponential size distribution.

8.3.3 Double-Moment Bulk scheme

SCALE implements a double-moment bulk microphysical scheme with six cat-
egories (cloud water, rain, cloud ice, snow, and graupel) based on Seiki and
Nakajima (2014) (hereafter SN14). SN14 is designed to maintain the self con-
sistency of the assumptions regarding particle mass distribution and the shapes
of ice particles throughout cloud microphysical process. In this scheme, parti-
cle mass distributions of each category are expressed as a generalized gamma
function and 0-th moments ( number density ) and 1-th moments ( mass con-
centration ) of the distributions are predicted. SN14 calculates microphysical
process for nucleation of cloud droplets and cloud ice, phase change (conden-
sation/evaporation, deposition/sublimation, freezing, melting), and collection
(self-collection, auto-conversion, accretion and breakup). Precipitation process
for SN14 is separated from other microphysical process and calculated using
terminal velocity in SCALE. More details are described in Appendix B.

8.3.4 Spectral Bin Model(SBM)

The Spectral Bin Model (SBM) was developed by Suzuki (2006) and Suzuki
et al. (2010). The model forecasts the Size Distribution Function (SDF) of seven
types of hydrometeors (liquid, plate-ice, columnar-ice, dendritic-ice, snow, grau-
pel, and hail).

The SBM calculates mass density of the seven types of hydrometeor and one
type of aerosol as their SDFs. The SDF of aerosol can be changed by advec-
tion and activation (i.e., nucleation from aerosol to cloud) processes. The SDF
of hydrometeors can be changed by several growth processes (i.e., activation
from aerosol to cloud, condensation/evaporation, collision/coagulation, freez-
ing/melting, ice nucleation, riming, aggregation, advection, and gravitational
falling).

The time evolution of SDF (number density) of aerosol (f,(m,t)) and SDF
(number density) of hydrometeor (f.(m,t)) are shown as:
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Af (m, 1) f (m t)]

(w) (w) ’
ot Adv [fc (m7 t):l + Grav [fc (m7 t)] + |: ot cloud mlcr(gghg?zéz
Ofa(ma,t) _ Ofa(ma,t)
ot = Adv [fa (ma7 t)] + Grav [fa (m(h t)] + [ ot :| cloud mz('roph(y8912('§7)

where p shows type of hydrometeor (the seven types), and Adv[], Gravl])
show change of SDF by advection and gravitational falling. H

cloud microphysics
shows SDF changes by cloud microphysical processes.

The time evolution of fé”) (m,t), and f,(m,t) are shown as:

af (m,t) ]
ot cond/evap

[afé“)(m,t)] ] N
ot cloud microphysics ot activation

[
+[‘i§‘ﬁmmmmwm

|

|

(1) (1)
+ af(‘ 5'(tm7 t) i| frz + |:8f(. a(tm, t):| melt
[8fa(mavt)} _ 8fa(maat)}
ot cloud microphysics ot activation

where H show change of SDF by each cloud growth process. The detail

seokok
of these processes will be provided later.

The change of SDFs by advection and gravitational falling (i.e., first and second
terms of eq.(8.256), and (8.257) ) are calculated by dynamical core of SCALE-
RM shown in section 3.

Discretization of Size Distribution Function(SDF)

The SDF of aerosol and cloud is predicted as mass density of each particle
size (ga(ma), g (m)). However most equations are given as equations of
number density of cloud/aerosol ( () (m,t), fa(mq,t)); the mass density of
cloud/aerosol is transferred to the number density of cloud/aerosol (g, (mq,t) =
Maga(ma, 1), g (m, 1) = m) [ (m,1)).

To cover a wide size range (i.e., 2 um ~ 3 mm), a logarithmically uniform grid
system (log(m) = n, log(m,) = n,) is used. In this system, the relationship,
Tt — const. is satisfied.

mg -

Activation from aerosol to cloud particles (nucleation process)

The change of SDFs by activation from aerosol to cloud particles is calculated
based on Kohler theory Kohler (1936). Through this process, aerosols with
radii larger than the aerosol critical radius (74 ¢rit) are activated to clouds. The
critical radius is given as:

4 A3 1 \1/3 2 M, ps
) LA 7 =, Ps (8.258)

, B=1i, .
R,prT M pr,



where Sy, o, Ry, pr, T, iy, M,, My, and ps show supersaturation of water,
surface tension of water, vapor gas constant, temperature, van’t Hoff factor
(= 2), molecular weight of water, molecular weight of aerosol, and density of
aerosol, respectively.
At each time step, 74 ¢rit is calculated using temperature, and masses of aerosols
with radii j r4,cri¢ are removed from SDF of aerosol and transferred to SDF of
cloud as newly generated cloud particles.
The radii of newly generated clouds correspond to those of aerosols, but if the
radii of aerosols are smaller than the lower limit of cloud SDF, the radii of newly
generated clouds are set to the smallest size of cloud SDF (~ 2um).
The changes in aerosol and hydrometeor SDF are shown as:

[a(éffa} activation /mo:Cm fa(ma,t)dmq (8.259)
()
[6J(Z)C: } activation B {aajzfa} activation (8.260)

where Mg crit = (: %rﬁpa is mass of aerosol particles with radii the same

as critical radii, 74, cri. When there is not enough vapor to activate all aerosol
particles with radii larger than the critical radius, i.e.,

/ Ma fo(Ma,t)dma > qup, (8.261)

Ma,crit

only the aerosol particles with radii ¢ than 7,0 ¢rit, given as:

/ mafa(mavt)dma = qup, (8262)

Ma0,crit

are transferred to cloud particles as:

{aaia} activation /mD:)’Cm fa(ma, t)dma, (8.263)
(1)
[8{;: } activation a [aé):ta] activation (8.264)

where ¢, and p is the mixing ratio of water vapor and density.

Condensation/evaporation

Calculation of condensation and evaporation processes is based on an equation.
The mass change by these two process is given by an equation (e.g., Rogers and
Yau (1989)):
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o = CW (m)GW(T)SW (8.265)
Gu(T) (u: liquid)
(1) _
GHT) { GA(T) (u: ice)
4am
Gu(T) = R,T Lu (L.
-+ (1)
4
GilT) = R,T Li (_Li
amp, T wr(wr — 1)
g — Sw  (p = liquid)
Si (w:ice)

where C(#) (m) is capacitance, which depends on the shape of each type of
hydrometeor, S, S; are super saturation of water and ice, L,,, L; are sensi-
ble heat of evaporation, sublimation, D, is diffusion constant of vapor, K is
conductivity of air, and e,,, e; are saturation vapor pressure and saturation ice
pressure, respectively. Condensation (evaporation) occur when S is positive
(negative).

To calculate change of SDF by condensation/evaporation, mass flux (Fc((fg d /emp)
on each bin is given by using number density ( fc(“ )) and d(TT as:
dm
Fc((lfr)bd/emp = fW (m)ﬁ = W (m)CWGW (T)SM), (8.266)

Using this equation, time evolution of SDF (f(") is given as

_ 9 Jal (m)

- om cond/evap

Af W) (m,
[%} cond/evap

_a%(f(”)(m)c(“))G(“)<T)S(H)' (8.267)

By using the n(= log(m)), eq.(8.267) is transferred to the advection equation:

(1)

WT(U) _ _8877(f(u) (MU (1)) (8.268)
Wi~ CP0 g

vn) expln) ¢S

To solve eq.(8.268), a scheme developed by Bott (1989) is used. The number
density of the i-th bin after At (f;(t + At)) is given as follows:
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At
fi(t + At) = fl(t) - In [Fcond/evap,i+1/2 - Fcond/e1)ap,i—1/2:| .
An lz+1/2 lz+1/2
Fcon evap,i = |: 7 o Ju :|
d/evap,i+1/2 AL fi(t) — it figa(t)
i?,_i+1/2 = max((),]l ( i+1/2))
i;i+1/2 = mam(O,Il*(ci_H/Q))
th = max(Il,i’ixz‘Hm + ilii+1/2>)
2
+ _ Qi k k+1
I (Ciz12) = Zm[l— (1 —2¢)"]
k=0
2
- Ai+1,k —
I (Ciyr12) = Z 7% +J1r)2k+1 (—1)k [1 —(1- 2¢; )k+1]
k=0
1
aio = =5 (fir(t) = 26fi(t) + fia (1))

a1 = %(.fi-'rl(t) — fisa(t))
aio = %(fi—i—l(t) —2fi(t) + fi-1(t))

= :t(c?+1/2 + ‘0?4-1/2')/2
At
G = Uy, (8.269)

Since super saturation (S*)) can change during time step (At), we apply a
method shown below to reflect the change of supersaturation during At.
Time evolution of supersaturation can be given by equations:

d Sw _ Qc/e bc/e Sw _ Sw
ila) = (i )3 )-(3) ez

ce = et (ot ) [ 10 mC myimGu )
bpe = (5“1)(;,*36;2%) MGZ / ) (m) O (m)dm (1)
e = ~SA D (ot ) [ 1 mC myimG )
die = ~s40(y 4 ) 3 [ 12meC minG)

where g, is the mixing ratio of vapor.
Using eigen value of A (A4, A_ (Ay > A_)), and assuming a./e, bejes Cejes deje
are constant during At, average value of super saturation (.S, ;(t)) during At is
given as:



t+At €A+At_ eA_At_
S (t) = é /t Su(r)dr = bTAtl&(t) + bﬁuls_(t)
- 1 At eA+AL PAoat g
Si(t) = E/t Sindr = (As = @) =S () + (A — )5
(A= @)Su(t) —bSi)
Si(t) = T
5.0 (a— zz?A)fw _(t)A I)bSZ-(t)

The averaged super saturation (S, ;(t)) is used to solve the eq.(8.270).

Collision/coagulation/riming/aggregation

Collision/coagulation processes are calculated by solving stochastic collision
equations (e.g., Pruppacher and Klett (1997)):

9f(m)
ot

m/2
[ ) sm = ! Kl =

0
— f(m) /0 F") K (my "y (8.271)

where K (m,m') is collection kernel function. Three types of kernel function,
i.e., Long type kernel (Long (1974)), Golovin type kernel (Golovin (1963)), and
Hydro-dynamic dynamic kernel as shown in eq.(8.272), are implemented into
the SCALE-RM.

K(m,m") = 7w(r(m) —r(m'") |[V(m) — V(m)| Ecor(m,m") Ecoaq(m, m')(8.272)

where r(m) is radius of hydrometeors with mass m and V(m) is terminal
velocity of hydrometeors. The terminal velocity of each species of hydrometeor
and each size are shown in Figure 8.1 E.,, and E.,q4 are collision efficiency and
coagulation efficiency, respectively.

Although the stochastic collision equation can be applied for collision/coagulation

of one type of hydrometeor (i.e., liquid water), SCALE-RM predicts seven types
of hydrometeors and interactions of these types (i.e., riming/aggregation) must
be calculated. To calculate the interaction of all seven types of hydrometeors,
the extended stochastic collision equation:

{3 ) (m)]
ot coll/coag/rim/agg

m/2
)
DA
) e
/ <m>§/0 /

m') f) (m —m') Ky, (m',m —m')dm/

—~

—~

m") K, (m,m”)dm” (8.273)
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Figure 8.1: Terminal velocity of Water (Plus), plate-type ice (cross), columnar-
type ice (asterisk), dendritic-type ice (open square), snow (closed square), grau-
pel (open circle), and hail (closed circle). Cited from Figure A3 of Suzuki (2006)
and rearranged.

is applied (where pu, v, A, k represent species of hydrometeor). The combi-
nations of u, v, A are shown in table 8.2.

Table 8.2: Catalog of interaction between seven species. W, I, S, G, and H
show water, ice, snow, graupel, and hail, respectively. G/H shows graupel(hail)
generated when T is lower(higher) than 270.15 K
W I S G H

w W G/H G/H G/H G/H

I 1 S S I I

S S S S S S

G G/H G/H G G G/H

H G/H G/H G/H G/H H

To solve the stochastic collision equation, a scheme developed by Bott (1998)
was implemented into SCALE-RM.
The Bott (1998) scheme calculates evolution of mass density distribution (g(n) =
mf(n), n =log(m)). The stochastic collision equation can be transferred to:
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m m2 ’ /A / /
99\ _ CEra g —n")K(n—n'.n")g(n")dn
1o

(m m)m

- / o) oy (8.274)

S

where 1, = log(m/2). Decreases of mass of i-th bin and j-th bin are given
by:

(v)
09(“) (1) .95
[ = _A \H K y LA 2
o = 0 ) (5.275)
and
69(/4) ) gl(,u)
5 = ~Ag K (i, 5) 7~ An (8.276)

respectively. The terms corresponds to the second term of the right-hand
side of eq.(8.274). Eqgs.(8.275) and (8.276) can transfer to:

2
Ag#) = g [1 = exp(~ K i,1) - AnAt)| (8:277)
J

W _ ) g
Ag) = g [1 = exp(— Ko (i.5) 2

)] (8.278)

The sum of AgE” ) and Aggu) corresponds to newly generated mass by col-
lision of hydrometeors with mass of m; and m;. The newly generated mass
(¢ = Ag" + Ag§y), corresponds to the first term of the right-hand side of
eq.(8.274)) added k-th bin (my = m; +m;). Since my, is not always bin center,
newly generated mass is divided to the k-th and k+1-th bin, as follows.

The production of k-th and k+1-th bin is represented as:

A
AgN = g g —¢ (8.279)
Mgy = g +C (8.280)
gl ak,s k+1
= 1—(1-2¢c
¢ 9V g Z(s+1)2k+1[ ( k)
m — Mg
c, = ————
Mmrg41 — Mg
A A A
ako = 24(9231 — 269 +g)
1, o A
ag1 = 2(9]24.)1 g](g—)l)
1, o A A
w2 =~ — 20 + )
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This procedure is applied for all bins of all types of hydrometeors.
In addition, for more rapid calculation, Sato et al. (2009) " s scheme is also
implemented into SCALE-RM.

Freezing

The calculation of the freezing process is based on a parameterization by Bigg
(1953). The parameterization calculates number density of water ( éw)) that

can be frozen:

9 (w) _ f™(m)
&f (m) = -~ (8.281)
r o SXP [br(To — T)]
fro = afrm

where ay, = 107%s7!, and by, = 0.66°C~! are empirical parameters, and Ty
is 273.15 K.
Eq.(8.281) can transfer to:

dg)m gl (am) s252)
ot Trr(m) '
S exp (bfr (T — T))
fri = agrm

From this equation, the mass change of i-th bin during At is given as:

ggw)(t + At) = gi(w) —Frz (8.283)

gi(plate)(t +AL) = gz(plate) + Frz; (ry < 200um) (8.284)
ggh“’l)(t + At) = g(hm) + Frz; (ry > 200pum) '

? 7

At

Tfri

Frz = g™ () {1 —exp(—

%

)]

As shown in eq.(8.284), the mass of liquid is transferred to plate type ice
(ry < 200pm) or hail (r,, > 200um).

Melting

The calculation of the melting process is too simple, with all ice particles (i.e.,
plate, columnar, dendritic, snow, graupel and hail) melting immediately when
the temperature is j Top = 273.15 K. This is too simplistic to represent ice phase
processes, and we will modify this method in the near future.

8.4 Radiation

Corresponding author : Hisashi Yashiro
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8.4.1 mstrnX

SCALE implements a broadband atmospheric radiative transfer model named
“Model Simulation radiation TRaNsfer code version X (mstrn-X)” developed
by Nakajima et al. (2000) and Sekiguchi and Nakajima (2008). mstrn is based
on the discrete ordinate method with a delta two-stream approximation and the
correlated k-distribution method. The model calculates long- and short-wave
radiation fluxes using the atmospheric states, the three dimensional distribution
of clouds/gases/aerosols, and the property of land /ocean surface. The spectrum
between 0.2 and 200 pm is divided into 29 spectral bands and 111 integration
points.

The calculation of solar insolation is based on the parameterization of Berger
(1978). The expected top of atmosphere in the radiation model is 100 km above
sea level. However, it is sometimes higher than the top of the domain used in
the limited-area simulations. Thus, SCALE can add the climatological profile
to the upper part of the model domain, as needed. The COSPAR International
Reference Atmosphere (CIRA-86) (Committee on Space Research; NASA Na-
tional Space Science Data Center, 2006) is used for the climatological profile of
temperature and pressure. The standard profiles of trace gases such as oxygen,
carbon dioxide, ozone, water vapor, methane, etc., are referred to the MIPAS
reference atmospheres (Remedios et al. (2007)).

8.5 Surface flux

Corresponding author : Seiya Nishizawa

8.5.1 Monin-Obukhov similarity

First of all, we assume that in the boundary layer 1. fluxes are constant, and 2.
variables are horizontally uniform.
Relations between flux and vertical gradient are:

kz Ou z
— — T m —_— 3 .2
w0: =0 (2) (8.289
kz 06 z
et il 2
6, 9z~ (L) ’ (8:286)
kz Oq z
it z 2
gx Oz Z (L) ’ (8.287)
where k is the Von Karman constant. L is the Monin-Obukhov scale height:
Ou?
= * 8.288

where g is gravity. The scaling velocity, u,, temperature, 6., and water vapor,
gx, are defined from the vertical eddy fluxes of momentum, sensible heat, and
water vapor:

wWw = —Usty, (8.289)
W = —u,f,, (8.290)
w'q = —Usqs. (8.291)
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The integration between roughness length zg to height z of the lowest model
level, eqgs. (8.285) and (8.286) becomes:

U

u(=) = - {In(2/20) = ®a(/L) + P20/ 1)}, (8.292)
Af = ng—* {In(z/20) — ®p(z/L) + ®p(20/L)}, (8.293)

where A0 = 0 — 6, and
D,,(2) = / ) %’f(zl)dz’, (8.294)
By (z) = / ’ %;(Zl)dz’. (8.295)

8.5.2 Louis’ s (1979) Model

Louis (1979) introduced a parametric model of vertical eddy fluxes.
The L becomes:

~ Ou® In(z/z0) — ®p(2/L) + ®p(20/L)

= . 8.296
9AO {In(2/20) — ®p(2/L) + @m(z/L)}Q ( )
The bulk Richardson number for the layer Rip is:
) gzA6

and its form implies a relationship with the Monin-Obukhov scale height L. The
fluxes can then be written as:

u? = a?u?Fy, (27313) , (8.298)
20
i = Cunor, (2 Ri (8.299)
*Ux = R h Zo’ B, .

where R is ratio of the drag coefficients for momentum and heat in the neutral
limit(the turbulent Prandtl number), and

k2
A= —— (8.300)
{In (2/20)}
is the drag coefficient under neutral conditions.
For unstable conditions (Rip < 0), F;s (i = m, h) could be:
bRi
F=1-—_— 2B (8.301)

 1+c/|Rig]

under the consideration that F; must behave as 1/u (i.e., \/|Rip|) in the free
convection limit (v — 0) and becomes 1 under neutral conditions (Rip — 0).
On the other hand, under stable conditions (Rip), Louis (1979) adopted the

following form for Fj:
1
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The constants are estimated as R = 0.74 by Businger et al. (1971), and

b =2V = 9.4 by Louis (1979). By dimensional analysis:

| Z
Ci:C;kG,Qb ;,
0

and C}, = 7.4,C} = 5.3, which result best fits curves.

8.5.3 Uno et al.’ s (1995) Model

(8.303)

Uno et al. (1995) extended the Louis Model, considering differences in roughness
lengths related to momentum and temperature, i.e., zg and z;, respectively.
The potential temperature difference between z = z and z = z;, Ay, is:

A, = R% {In(z0/2t) — Pn(z0/L) + ®p(z:/L)} + Aby,

= R%ln(zo/zt) + Aby,

v {Rln(zo/zt) N 1}7
lIjh

where Ay = 0, — 0,,(= Af):

\I/h:/ ﬂ;dz’,
zZ0 z

and ¢y, is assumed to be R in the range z; < z < zp. Thus:

1 —1
Abo :Mt{Rn@o/%)H} ,
Wy,

or equivalently,

Rln(z/z) +_1}—1.

Ripo = Rip; { U,

From egs. (8.298) and (8.299):

- T (2) Y

while 9
Aby = flllh,

from eqs. (8.286) and (8.305). Therefore:

wthm(Z>VEW
Z0 Fh

(8.304)

(8.305)

(8.306)

(8.307)

(8.308)

(8.309)

(8.310)

Because ¥, depends on Ripgg, Rigg cannot be calculated from Ripg; with eq.

(8.307) directly, so numerical iteration is required to obtain Ripg

3. Starting

3In the stable case, it can be solved analytically with eq. (8.302), but the solution is too

complicated.
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from Rip; as the first estimation of Ripgg, the second estimate by the Newton-
Raphson iteration becomes:

RigiRIn(zo/2)

Ripo = Rip; — —
" n(zo/z) + Uy,

(8.311)

where \ilh is the estimate of ¥}, using Rip; instead of Ripg. Approximate values
for F,,, F}, and ¥}, are re-calculated based on the éiBo, and then Afy, and the
surface fluxes u2 and .0, are calculated from eqgs. (8.306), (8.298), and (8.299),
respectively.

8.5.4 Discretization

All the fluxes are calculated based on the velocity at the first full-level (k=1)
(z = Az/2). The absolute velocities U are:

2 2
5 B 2(pw)is1 41 N (P)ij—11+ (P0)ijraa + (PV)iv1 11+ (PV)iv1 410
2, == el
RS pigat pisa 2(pij1 + pitia)

(pw); s + (PW)it1 5141 ’
N siry TPty L (8.312)
2(pz,g,1 + lerLJ,l)
2
U? S pw)imy o+ (P g+ (pw)ims ja + (Pt a0
Bi+3.1 2(pija + pij+1,1)

) 2
2(pv); 41 Wi ga+d + P01+
+ {(’0)”21} + { (Pw); a1 + (PW)i 11141 } , (8.313)

Pig1+ Pi+1,1 2(pij1 + pij+1,1)

2 2 2
U2 (pu)i—i a1+ (Pu)ig 1 ja (pv)ij—11+(PV)ijr1a (pw); j141
i1 = + Tty (>

2pi g1 2pi g 2pi g1
(8.314)
It is here of note that (pw)m% = 0. The potential temperatures 6 are:
0); :
0ij1 = (91 >”’1, (8.315)
Pij,1
= 0i 51+ 0iy151
Oipygn = =5 (8.316)
= 0ij1+ 0411
Oijrin= % (8.317)

The roughness lengths, zo,z;, and z, are calculated from egs. (8.360),
(8.361), and (8.362), in which the friction velocity wu, is estimated as:

, = /Crol, (8.318)

where Cy,o is a constant bulk coefficient, and we use 1.0 x 1072 as its value.
From eq. (8.307), the Rip;, which is the first guess of the Ripgy, is:

. gz (01 — 93fc)
= 31
RZBt 2 9 (8 3 9)
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with the assumption that 6., = 0,¢.. The estimation of U, is calculated with
Rip: from egs. (8.310), (8.301), and (8.302). The final estimation of Ripg is
obtained from eq. (8.311),and the final estimation of ¥}, is obtained with Ripo.

Now we can calculate the bulk coefficients, C,,,Cy, and C, for moments,
heat, and vapor:

k? )
C,, = mFm(RzBo), (8.320)
R Rig {BG/2) T
Cy = Rln(zl/ZO)Fh(R B0) { U, + 1} , (8.321)
_ K [ RIn(20/z) -
Ce = th(R'LBO) {‘I’h + 1} . (8322)

The fluxes are:

pu'w' = —Cp,Upu, ( )
p'w’ = —C,,Upv, ( )
pw'w' = —C,,Upw, (8.325)
0w = —CrU{pf — pbs s}, ( )

(8.327)

pq/wl = _CeUp(q - Qevap)a

where @eyqp is the saturation value at the surface.

8.6 Ocean

Corresponding author : Tsuyoshi Yamaura

8.6.1 Ocean physics: slab model

The ocean slab model estimates sea temperature tendencies using a single-
layered model. The governing equations of the internal energy E (J/m?) and
mass of ocean M (kg/m?) are

oF
a =G+ Eprec — €evap + Qemta (8328)
oM
W == Fprec - Fevap7 (8329)

where G is the downward surface heat flux (J/m?/s); eprec and eeyqp are the
downward surface internal energy flux (J/m?/s) of the precipitation and evapo-
ration, respectively; Q¢ is external heat source (J/m?/s); and Fpree and Feyap
are the surface mass flux (kg/m?/s) of the precipitation and evaporation, re-
spectively.

The internal energy E (J/m?) is

E = ¢,MT, (8.330)

where M and T are total mass of water (kg/m?) and temperature, and ¢; is the
specific heat capacity of water (J/K/kg),
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The surface preciptaion flux is
Fprec - FTain + anow, (8331)

where F.q;, and F,o, are the surface flux of rain and snow, respectively. The
internal energy fluxes are

Eprec = ClTrainFrain + (CiTsnow - Lf)anow; (8332)
€evap = ClTevapFevapa (8333)

where ¢; is the specific heat capacity of ice (J/K/kg); Train, Tsnow and Teyqp are
the temperature of rain, snow, and evaporated water, respectively; Note that
the fluxes of the rain and snow are positive for the downward direction and that
of the evapolation is positive for the upward. These ground surface fluxes are
calculated in the surface scheme.

In the calculation of change of temperature, the mass change is taken into
the account. However, the mass change is ignored after the calculation and then
M = p, D, where p,, is the water density (kg/m?), and D is the water depth of
the slab model.

Eq. (8.328) is discretized as follows:

CowT™ + At(G + eprec — evap + Qeat)
Cw + AtCZ(Fprec - Fe'uap) ’
G+ eprec — €evap + Qeat — Cl(Fprec — Fevap)T™
Cw + Ate(Fprec — Fevap) ’

Tn+1 _

=T"+ At

(8.334)

where C,, is the heat capacity of the slab layer (J/K/m?) and Cy, = pyc,D.
Note that the internal energy is not conserved, since the mass change is
ignored.

8.6.2 Sea ice
Governing equation

The equations of budget of the mass (kg/m?) and internal energy (J/m?) in the
ocean and sea ice are

8é\t41 = fi(Fprec — Fsunl) = Manie + Mypr, (8.335)
%Eti = fi(Gi — Goi + eprec — €subt) — clTommie + (¢iTo — Lf)mypr.,  (8.336)
387]\5 = (1= fi)(Fprec — Fevap) + Mmit — Mgy, (8.337)
% = (1= fi)(Go + €prec — €evap) + [iGoi + clTomupmur — (¢;To — Lg)mypy.,

(8.338)

where f; is the fraction of the sea ice; my,;; and my,. are the mass change
(kg/m?/s) by melting of ice and freezing of sea water; and G;, G, and G,; are
the heat flux (J/m?/s) at the ice-atmosphere, ocean-atmosphere, and ice-ocean
surfaces, respectively; Fi,p; is the upward mass flux due to the sublimation of ice
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(kg/m?/s); and eg,p is the upward internal energy flux at the surface (J/m?/s)
of the sublimated ice as

Esubl = (CiTsubl - Lf)Fsubl~ (8339)

As noted in the previous section, the mass change in the sea water is ignored
after the calculation of change in the ocean temperature.
The G,; is estimated by the diffusion equation

T, —T
Goi =V DZ/Q s (8340)
M;
D; = ) 8.341
pifi ( )

where T; is the temperature of the sea ice; v; and D; are the thermal conductivity
of ice (J/K/m?/s) and depth of the sea ice (m).

The fraction is estimated as
| M;
fi= ﬁc’ (8.342)

where M, is the critical ice mass (kg/m?).
The amount of the melting during a time step is estimated to satisfy the
conservation of mass and internal energy of the sea ice as

t+At
Mmlt = / mmltdt
t

(T, —T
:min{max{ el — To) Mi,O},MZ}. (8.343)
(Cw 7Ci)TO +Lf

The amount of the freezing is estimated to satisfy the conservation of mass
and internal energy of the ocean as

t+At
Mfrz = / mfrzdt
t

: capwD(To —T) } }
=min{ max{ ————,0 ¢, puD ¢, 8.344
{ X{(C[Ci)ToJrLf p ( )

where Tj is the freezing tempearture.

Time integration

The governing equation is solved by a spliting method. In the first step, the
mass and internal energy budgets of the ice without the phase change is solved.
In the second step, the melting of sea ice is estimated by the mass and internal
energy conservation. In the next step, then the temperature change of ocean
is calculated in the ocean scheme. In the last step, the freezing ocean water is
estimated and the mass and temperature of ice and ocean is updated.

The followings are the summary of the sequence of calculation. Here, the
superscript “n” indicates the quantites at the time step n, and “ny”, “ny”, “nz”,
and “n + 1”7 are those after calculation of the first, seccond, third and the last
step, respectively.
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First step

AM™ = AtfM(Fyrec — Foupt)s

AE:L1 = Atfi(G; — Go; + Eprec — esubl),
M = M+ AM]™,

AE™ — (T — L) AM™

T ="
v * CiMinl

3

Second step
: ci(T7" —To)M™
Mm = t - 70 aM‘nl 3
1+ = min {max{ (co—c)To+ Ly i
M = M{"™ — My,
—c1y + (CiTinl — Lf)
CZ‘]\J;L2

Tin2 - Tinl + Mmlt'

Third step (Ocean model)

AE™ = At{(l - fz)(Go + €prec — 6eva,p) + fi,Goi} + aToMmis,
AM™ = At(l - fi)(Fprec - Fe'uap) + Mmlta
AE™ — g T"AM™
c{pwD + AM™s}
Forth step

. cipwD(To —T™) } }
M ¢, = min { max ,00,p0D 3,
! { { (cr—ci)To+ Ly &

MinJrl _ Minz + Mfrz;

Ty = TP 4 (T - T7)

TnJrl — Tng +

8.6.3 Sea surface albedo
Nakajima et al. (2000) model

(8.352)
(8.353)

(8.354)

(8.355)
(8.356)

(8.357)

(8.358)

Nakajima et al. (2000) provided the albedo for the short wave on the sea surface

A:

A =exp [Z?leizlcijtj_l,uffl} ,

(8.359)

where C;; is the empirical optical parameters, ¢ is the flux transmissivity for

short-wave radiation, and g is cosine of the solar zenith angle.

8.6.4 Roughness length
Miller et al. (1992) model

Miller et al. (1992) provides the roughness length over the tropical ocean,
based on numerical calculations by combining smooth surface values with the
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Charnock relation for aerodynamic roughness length and constant values for
heat and moisture in accordance with Smith (1988, 1989) suggestions:

20 = 0.11u/v, + 0.018u2 /g, (8.360)
2 = 0.40u/v, + 1.4 x 1075, (8.361)
zg = 0.62u/v, + 1.3 x 1074, (8.362)

where v, is the kinematic viscosity of air (~ 1.5 x 107°), and zp, 2, and zq are
the roughness length for momentum, heat, and vapor, respectively.

Moon et al. (2007) model

Moon et al. (2007) provides the air-sea momentum flux at high wind speeds
based on the coupled wave—wind model simulations for hurricanes. At first, the
wind speed U at 10-m height is estimated from the previous roughness length
2o, as follows:

Uy 10
U=—1In—, (8.363)
K 20
where wu, is friction velocity (m/s) and « is von Kalman constant. And then,
new roughness length zq is iteratively estimated from the wind speed:

B %ui for U < 12.5,
= [0.085 (—0.56u2 + 20.255u, + 2.458) — 0.58] x 1073 for U >12.5.
(8.364)

Furthermore, Fairall et al. (2003) provides the roughness length for the heat
and vapor using that for momentum, as follows:

5.5 x 107°
Zg = 2. (8.366)

8.7 Land

Corresponding author
Tsuyoshi Yamaura and Seiya Nishizawa

8.7.1 Bucket model

The land bucket model estimates the soil temperature and soil moisture ten-
dencies using a multi-layered bucket model.

Soil moisture equation

The conservation equations of the specific mass of the liquid and ice water
(kg/m?), M,, and M;, respectively, are

oM 0

6tw = (Fus 4 Frain — Fevap) — M frz — My, (8.367)
OM; 0

(,%z = - 02 (anow - Fsubl) +Mfrz — Mirojis (8368)
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where v, is the constant water diffusivity (m?/s); p,, and p; are the dencity of
liquid and ice water (kg/m3), respectively; Frin, Fsnow, Fevap and Fs,p, are the
surface flux of rain, snow, evapolation, and sublimation (kg/m?/s), respectively;
m¢r, and m,, are the mass change by freezing and the runoff of the water from
the system (kg/m3/s), respectively. Note that the Fy.qi, and Fyy,e, are positive
for the downward direction and the Feyqp and Fiyp are positive for the upward.
F,, is the vertical flux due to the diffusion, and

ow
Fy=—pulpy—-. 8.369
Putn - (8.369)
W and I are the soil moisture content (m?3/m3) of liquid and ice water, respec-
tively, and are

M,
w
M;
I= ,T (8.371)

The bucket model has the maximum soil mositure content Wy,.y, so if the
moisture content is larger than the maximum, the moisuter runs off to the out
of the system:

W+ T < Wiax. (8.372)

Therefore, The amount of the runoff (kg/m?) is estimated as

MTO = T0,W + Mro,i, (8373)
where
t+At
Myow = / Mypowdt = pop MIin{W,,, W}, (8.374)
t
N
My = / Myoidt = pi(Wrg — min{Wyo, W}), (8.375)
t

and W, = max{W + I — Wiax, 0}.

Thermodynamical equation

The total internal energy is the sum of that of the soil, liquid water and ice
water, U, U, and Uj;, respectively:

U=U,+U, + U, (8.376)
U, = C,T, (8.377)
U = e/ TpuW, (8.378)
U; = (T — Ly)pil, (8.379)

where T is the soil temperature (K). Note that, the temperature is

U+ Lgpid

T
CrL ’
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where C7, is the total heat capacity (J/K/m?) and
Cp =Cs+ cippW 4+ cipil. (8381)

The conservation equation of the total internal energy is

oUu 1o} oT
-, — A |7 kR—m— TFw Fsur
ot~ 9z | Tas Tt et Feurs
- ClTMro,w — (CZT — Lf)M'ro,i; (8382)

where k is the thermal conductivity (J/K/m/s). Fgurs is the ground surface
flux, and

Esurf =G+ ClTrainFrain - ClTevapFevap
+ (CiTsnow - Lf)anowa _(CiTsubl - Lf)Fsubl7 (8383)

where G is the downward ground heat flux (J/m?/s); and Trqin, Tevap, Tsnow and
Teup are the temperature of the rain, evaporation water, snow, and sublima-
tion ice, respectively. These ground surface fluxes are calculated in the surface
scheme.

The thermal conductivity depends on the moisture content, and Kondo and
Saigusa 1994) gived it empirically as

K= Ky + 0.5W3, (8.384)

where kg is the thermal conductivity of the soil particle.

Phase change

The liquid water and ice water can exist instantenously only at the temperature
To. If the internal energy is lower than CsTy + (¢;To — Ly)M, all the moisutre
is ice, where M is the total moisture M = M, + M;. On the other hand,
the internal energy is larther than CTy + ¢To M, all the moisture is liquid.
Otherwize,

U — (Cs + cM)T,

M; = , 8.385
(ci —a)To — Ly ( )
M, = M — M, (8.386)
That is,

U - (C, M)T{
M,; = min {max{ (€ +aM) 0,0} ,M}7 (8.387)

(ci —a)To — Ly
M, =M — M,. (8.388)

Temporal integration

Egs. (8.367, 8.368 and 8.382) are solved by a splitting method. In the first
step, the moisture mass and internal energy changes are calculated without the
diffusion, runoff, and phase change. In the second step, the phase change is
calculated. In the third step, the moisture diffusion equation is solved. In the
fouth step, the temperature diffusion is calculated with the thermal conductivity
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with the moisture content obtained in the second step. At the last step, the
runoff is calculated.

The followings are the summary of the sequence of calculation. Here, the
superscript “n” indicates the quantites at the time step n, “ni”, “ny”, “nsz”,
“ny”, and “n+ 1”7 are those after calculation of the first, seccond, third, fourth,
and the last steps, respectively. The vertical diffusion terms are calculated by

the implicit scheme for numerical stability.

First step
0
M™ = puW" 4 pil™ + At o= (Frain + Fanow — Fevap = Faunt),  (8.389)
anu’r
U™ = CpT" — LypI" + AtTf, (8.390)

where M is the total moisture mass (kg/m?) and M = M,, + M,;.

Second step

ny __ s Mn1 T
M = min {max { um = (G +aM™) 0,0} ,M”l} , (8.391)
(ci —a)To — Ly
M2 =M™ — M™, (8.392)
M2
Wwne = % (8.393)
Puw
M
I = — (8.394)
Pi
U™ + Ly M*
Tn2 — ? 3 8.395
Cs + i My + ¢; M[™? ( )
Third step
owns
At OF,,
wns — e _ 2 , (8.397)
Pw 0z
oc F,T™?
Urs = gm - ApTTe (8.398)
0z
CP? = Cs + c1py W™ + ¢; M]™. (8.399)
Fourth step
K= ks + 0.5(W")3, (8.400)
o 6Tn+1
nypn+1 __ ns3 n2 — —
Cr*T =U" + Ly M| Ataz < K > (8.401)

Fifth step
I = min{I", Wy} ( )
W = min{Wyay — 1", W2, ( )
Mo = pu(WH = W72), (8.404)
My = pi(I" = 172) ( )
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Descretization

The moisture diffusion in the third step is solved as

2y, WIS — W

W =W 8.406
! Lt Az Azg+ Az’ ( )
| 2t (Wi — Wi W - W,
Wi = W © + — 8.407
k BT Az, (Azk+1 + Az Az + Az ’ ( )
2Aty,, [ Whs —Wrs |
wns = Wwn2 — m 8.408
m m Az, (Azm + Azml) ’ ( )

where the subscription k represents that Wy is the moisture content in the k-
layer, and k = 1,--- ,m, where m is the number of the layers. This can be
written in the matrix form as

C1 bl Wlnl ‘/1
ag Ck bk W]?l = Vk s (8409)
Am  Cm Wit Vin
where
Vi = W2, (8.410)
2Aty,
__ , 8.411
T T A (A + Azy) (8.411)
2Aty,,
b, = — , 8.412
k Azk(Azk_H + AZk) ( )
C = 1— ap — bk (8413)

This matrix can be solved by the Thomas algorithm (tridiagonal matrix algo-
rithm).
The thermodynamical diffusion in the fourth step is discretized as

Kk = s + 0.5(W)3, (8.414)
wns s
F, = 2y —rEL K 41
( )k+% p 1% AZ]C+1+AZ]§7 (8 5)
At Tn+1 _ Tn—i—l
C™) TP = U™ 4+ L(M;)™ + — =2 1 8.416
( L)l 1 1 + f( 1)1 +A21(HQ+K1) A22+A21 9 ( )

(CEWTEH = U + Lp(M;)?

At Tl?jﬁl — Tt Tt - T
* Az <(Hk+1 " Kk)AZkH + Az, - (Hk * Hk_l)AZk + Az ’
(8.417)
At Tn+l _ pn+l
P )T = U + Ly(M;)2 — m A+ Fmo1) =L (8.41
(CF)nTi = U+ Ly (MY = 5o (i o) 3 (8.418)

As in the case of the soil moisture, the tendency equations can be solved
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using the Thomas algorithm.

Vie = Uy + Ly (M;)72, (8.419)
At(/ﬁk + /ikfl)

S : 8.420

. Azk(Azk + Ak—l) ( )
At(Kg1 + Kk)

b, = — s 8.421

k Azk(Azk+1 + Ak) ( )

C = (C}fl)k — Q — bk (8422)

8.8 Urban

Corresponding author : Sachiho A. Adachi

Urban models calculate energy exchanges between the urban surface (urban
canopy) and atmosphere. In paricular, the model estimates sensible and latent
heat fluxes and momentum flux from urban surface to atmosphere. SCALE-
RM has two options for calculation in urban areas: LAND and KUSAKAO1. In
LAND option, fluxes over urban subtile are calculated by the land model you
chose for your experiment. Please refer to Section 8.7.

8.8.1 KUSAKAUQO1: Single layer urban canopy model

KUSAKAO1 is the single layer urban canopy model (UCM) by Kusaka et al.
(2001) and Kusaka and Kimura (2004). The UCM of KUSAKAOQL assumes
street canyons as the urban geometry.

The model has the prognostic variables at the roof, wall, and road: the sur-
face tempeature and near-surface temparature of artificial construction. The
near-surface temparature is calculated by dividing facets of artificial construc-
tion into a number of thickness layers. The rain amount remaining over the
roof, wall, and road are also calculated to evaluate evaporation efficiency. And
then, it also calculates the the heat fluxes from their facets. The fluxes from
urban subtile are estimated by weighted avrage of fluxes from roof, wall, and
road.

The model assumes that the urban canopy layer is located lower than the 1st
layer of the atmospheric model. Therefore, there is a restriction that a sum of
the displacement height of the canopy and roughness length must be two meters
lower than the center level of the 1st layer of the atmosphere.

In this version, only single urban type can be considered. Several parameters
are prepared to specify the urban geometry and anthropogenic heat.

8.9 Large scale sinking

Corresponding author : Seiya Nishizawa
In the DYCOMSO01 experiment, large scale sinking is added to express large
scale downward motion corresponding to the Hadley circulation. There is virtual
convergence of motion, resulting in mass escape out of the system.
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The density loss rate is constant L:

dpwy,

L =
0z '’

(8.423)

where w; is vertical velocity corresponding to large scale sinking. Vertical mo-
mentum with sinking is defined as follows:

pwr, = —Lz. (8.424)
The continuous equation is now:

9p , Opu , Ipv  Op(w+wr)

ot " oe oy 0 =L (8.425)

The Lagrangian conservation equation for scalar quantities is:

9% 92, 9 9 _
P o +puaz + pv ay + p(w +wL)8z =0, (8.426)

When combined with eq. (8.425), this becomes:

Opp  Opup  Opvg n Ip(w + wr )¢

= —Lo. 42
ot ox oy 0z ¢ (8.427)
The equation for the mixing ratio is:
00Q  9pQu | 9pQu  9pQwtwr) ;o (8.428)

ot or oy 0z

Note that this is identical to that for scalar quantities.

The wy, at the top boundary is not zero, while w is zero. The vertical flux
pwr¢ at the top layer interface could be determined as that convergence of the
flux canceled with L.
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Appendix A

The detail numerics

A.1 4th order central difference

The 4th order central difference is given by
09 _ —dit2 +8¢it1 —8pi_1 + Pito

or 12Ax

where

2 3 3
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A.2 Flux Corrected Transport scheme

Equation (3.106) can be written as

1
n+1 _
(Pa)i 5 1 (PD)7 ;1 ~ AuAphz [
[ hﬁgh low ]
+ _CH-%,],I@ i+L.5k (1 1+27], ) Fz+%,j,k
_ [ hlgh low ]
Cl*wk z—§,gk+(1 C %M> E 2% g
[ hzgh low
+ _C ,y+2,k i+ 5,k (1 C; ,J+2,k> Fi,j+§,k_
_ [ hzgh low ]
Coigrfiigat (1 <, %vk> LIRS
[ hz h low
+ _C 0,75 k+2 07, k+% + (1 C 7, k+%> F’L,j,k+§
_ [ high low
Cigk—3Figh-1 (1= Cijne %)Fi,j,k—%}
] (A.9)
where
high,low _ high,low
il = AtAyAz(pu);y 1 XA s (A.10)
high,low _ high,low
ig+ik T AtAzAD(pu); iy 1 ik (A.11)
high,low _ high, low
Fz‘,j,k+% = AtAzAy(pu), RREBL Aclint 1 (A.12)
The anti-diffusive flux are defined as
_ hzgh _ low
Mg = UYL F (1)
_ high low
Aivjﬁ'%,k - i,j+%,k Fz ]Jr (A'14)
high low
Aijers = Gak+s T idktd (A-15)
Equation (A.9) can be rewritten as
1
n+1 _ n -
(Pa)i 5 (Pa)7 ;.1 AvApAz [
low
+ _Fz+2,j kT Citl ik Ai+%,j,k_
low
R L R R R I S
low
+ F igate T Ciirdniged
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F,J** FCoi-taig-1.n)
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+ F7J7k+1+0”k+1Adk+}
_ low
Fir—3 T Ci,j,k,%Ai,j,k,%}
] (A.16)

In practice, we calculate Eq.(A.16) by the following steps:

1. The tentative values are calculated by using the low order flux:

()}, (PD)? 5 1

_ Flow + Flow

1 low low low lo
AzAyAz [+Fi+%,j, 1—7,J,k ,J+ F»J—*ak + Fi,j,k+1 ij(f’é_l]
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2. Allowable maximum and minimum values are calculated:
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3. Several values for the flux limiter are calculated:
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4. The flux limiters at the cell wall are calculated:
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Appendix B

Details of Seiki and
Nakajima (2014)

B.1 Treatment of hydrometeors

Generally, characteristics of cloud particles are determined by their size, shape, and the chem-
ical properties of solute within them. Representation of these characteristics requires a multi-
dimensional parameter space of size, shape, and chemical compositions. Since development
of a cloud resolving model (CRM) coupled with an aerosol transport model is beyond the
scope of this study, we consider a two-dimensional parameter space of size and shape of cloud
particles. We then categorize cloud models into two major groups, according to their repre-
sentation of cloud particles. One is the bin method, using discretized particle size bins and
predicting the population density of particles in each bin. The other is the bulk method, in
which particle size distributions are approximated by several prescribed modes, predicting the
total populations of particles of each mode. The treatment of hydrometeors adopted in this
study is described in the following sections.

B.1.1 Droplet Size Distribution

Seiki and Nakajima (2014) scheme is designed to maintain the self-consistency of assumptions
regarding droplet size distribution (DSD) and the shapes of ice particles among cloud micro-
physical processes. Following Seifert and Beheng (2006; hereafter, SB06), Seiki and Nakajima
(2014) predict the moments of the DSD of each hydrometeor, assuming generalized gamma
distribution to analytically formulate cloud microphysics, as follows:

fa(r) = aqz”® exp(—Ax) (B.1)

where the index a € (c,r,i,s,g) represents cloud water, rain, cloud ice, snow, and graupel.
For a given DSD, the k-th moment can be defined as follows:

M = /oo o fo(r)dz, (k€ R) (B.2)
0

For example, the 0-th moment of a DSD is the number concentration N, and the 1st
moment is the mass concentration L, = pgq. The evolution of DSD is represented by updating
ag and A using N, and L, with two fixed parameters, v, and pq, respectively. The diagnostic
parameters o, and )\, are calculated as follows:

O = %Aﬁ:l (B.3)
Ha
= [F(%)]*w

r(25)
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with mean particle mass T = Lo/Ng,. We maintain the self-consistency of the shape of
ice particles by assuming power law relationships between: 1) particle mass and maximum
dimension D, and 2) particle mass and projected area to flow A, as follows:

D = apa®m (B.4)
A = aggzbm (B.5)

where am, bm, Gaz, and bez are constant coefficients. We chose to use constant parameters
for DSD representation, following SB06 for cloud water, cloud ice, snow, and graupel, and
following Seifert (2008) for rain (assuming collisional-breakup equilibrium conditions). The
shapes of ice particles are those given by Mitchell (1996), assuming cloud ice as hexagonal
plates, snow as assemblages of planar polycrystals in cirrus clouds, and graupel as lump
graupel. The above-mentioned constant parameters for each hydrometeor are summarized in
Table B.1.

Table B.1: Constant parameters chosen for the generalized gamma distribution;
power law coefficients used for maximum dimensions and projected area, and
ranges of lower- and upper limits of mean mass.

cloud water rain cloud ice sSnow graupel
v 1 1/3 1 1 1
I 1 1/3 1/3 1/3 1/3
am[m kg 0" 0.124 0.124 1.24 1.24 0.346
bom 1/3 1/3 0.408 0.408 0.357
Aae[M?kg 4] 0.0121 0.0121 0.178 0.196 0.0599
bax 2/3 2/3 0.755 0.768 0.714
Lonin K9] 42x10° 2 42x10°2 42x10 2 42x10 2 42x10 12

Tmaz k9] 26x10710 26x10710 26x1071 2.6x10"10 26x10"10

B.1.2 Terminal velocity of hydrometeors

In the same manner as Seifert and Beheng (2006a), the terminal velocities of particles are
formulated in power laws, except for gravitational sedimentation, which is described using
an accurate formula because it is directly compared with precipitation data. The terminal
velocities of hydrometeors are determined by the balance between drag and gravitational
forces. Traditionally, the terminal velocities for small spherical particles with small Reynolds
number (Npg.) are described by Stokes ' Law:

Vt,stokes (7") = MT2 (B-ﬁ)
9Ma

where g = 9.80616 [ms~2] is gravitational acceleration, pw = 1000 kgm~3 is the density
of liquid water, p is the density of air, and 7, is the dynamic viscosity of air. Laboratory
experiments have shown that terminal velocity departs from Stokes' Law as the Reynolds
number increases (Gunn and Kinzer, 1948; Beard and Pruppacher, 1969). Other formulas are
thus required for larger droplets, such as rain droplets and ice crystals.
In the case of liquid water droplets, terminal velocity can be determined well by laboratory
experiments because of the simplicity of shape. In contrast, there are many observed terminal
velocities of ice particles for various shapes of ice crystals. Bohm (1989), Bohm (1992), and
Mitchell (1996) proposed general formulations of the terminal velocities of ice particles based
on the boundary layer theory, with their studies showing good agreement with observational
data. In this study, we calculated terminal velocities for each ice particle based on Mitchell
(1996) and then created a fitting curve using a power law within a suitable diameter range.
In theoretical formulas, the terminal velocities of hydrometeors are dependent on diameter,
shape, the Reynolds number, and the Best (or Davies) number (Nx). Applying these to
cloud microphysics is extremely complicated; here, we therefore apply a simplified approach
suggested by Beard (1980):
1. The terminal velocity is calculated for the reference atmosphere.
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2. The terminal velocity in the atmosphere is adjusted from the reference value.
In the following paragraphs, we describe terminal velocities for the reference atmosphere and
the adjustment technique.

B.1.3 Terminal velocity of liquid water droplets for the
reference atmosphere

In the case of liquid water droplets, absence of shape variability makes formulation easier than
in the case of ice particles. Here, we only consider dependency on the diameter of droplets.
Seifert and Beheng (2006) applied the formulation of Rogers et al. (1993), the analytical
approximation of Gunn and Kinzer ' s (1948) observation data:

ar,D(1 — exp(~br,D)), (D < Do)
vi(D) = agr, —bg,exp(—cg, D), (D> Do,r) (B.7)

where ag, = 4000s~!, bg, = 12000m~1!, ag, = 9.65ms~!, bg, = 10.43ms~1, cg, =
600m~1, and Do, r = 7.45 x 10~* m. This formulation approaches the quadratic form of
Stokes ' Law in the limit for small diameters. In addition, Gunn and Kinzer ' s (1948) data
agrees well with the terminal velocities calculated via theoretical formulation based on the
boundary layer theory (Bohm, 1992). We therefore applied eq.B.7 for rain sedimentation (Fig.
B.12 11). Here, the reference atmosphere of the formulation is T' = 293K, p = 1000hPa, and
relative humidity is 0.5 (Gunn and Kinzer, 1948).

B.1.4 Terminal velocity of solid water particles for the
reference atmosphere

In the case of ice particles, we derive the theoretical formulation of the terminal velocity based
on Mitchell (1996). In general the aerodynamic drag force Fp on a particle is expressed as
follows:

1
Fp = §put2ACD (B.8)

where Cp is the drag coefficient. Terminal velocity is determined by the equilibrium
condition between the drag force and gravitational acceleration:

2zg )1 /2
pACD
The problem of derivation of the terminal velocity is reduced to derivation of the drag

coefficient, independent of the terminal velocity. In practice, Mitchell (1996) and many other
researchers calculated the terminal velocity by defining the Best number (Nx), as follows:

ve = ( (B.9)

2xgpD?
N. =CpN} = jiz‘z
a

(B.10)

where Np, is the Reynolds number. The terminal velocity can be calculated after the
relationship between Best and Reynolds numbers is determined. In the relationship, it is
convenient for the drag coefficient to be determined by the Reynolds number, although the
dependency of the former is complicated. A theoretical formulation of the drag coefficient was
proposed by Abraham (1970). The drag coefficient is the dimensionless number defined by the
drag force, the dynamic pressure, and the projection area of the particle (see eq.B.8). Abraham
(1970) assumed that the effective projection area of the particle contained the projection area
of the particle itself and also the boundary layer surrounding the particle, as follows:

1 s
Fp = =prCoA(1 + )2 (B.11)
2 TA

where CY is the drag coefficient due to the pressure of the fluid and should be determined
independently of the shape, d; is the boundary layer depth, and r4 is the radius of a circle
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with the equivalent projection area. Furthermore, the ratio of boundary layer depth to radius
is expressed as follows:

0 0
% _ fo (B.12)
ra  NH?

Re

where g is a non-dimensional constant. Substituting eq.B.12 into eq.B.11, the drag
coefficient, which also includes the effect of the boundary layer, corresponds to the following:

00
12
NRe

Cp=Co(1+ )? (B.13)

The drag coefficient is thus expressed by the Reynolds number. The relationship between
Reynolds and Best numbers is derived by substituting eq.B.13 into eq.B.10:

82 ANY? 1
NRe - Z [(1 5803/2) - 1] (B‘14)

Here we use Cp = 0.6 and §p = 5.83, as provided by Bohm (1989). Finally the terminal
velocity of ice particles is calculated by substituting eq.B.10 and eq.B.14 into the definition
of the Reynolds number:

vt _ NRencL
Dp
_ M 4 2wgpD? 1721172 _ ]2
 Dp4 [[ 636’3/2( An2 )] 1] (B.15)

In this formulation, required variables are mass, projection area, maximum dimension
of ice particles, and thermodynamical variables. Here we use several piecewise-constant
mass-maximum dimension, and projection area-maximum dimension relationships provided
by Mitchell (1996). The terminal velocities of various ice particles are plotted in Fig.B.2. As
shown in Fig.B.1, there is less difference between hexagonal plates and stellar crystals with
broad arms with diameter less than a few hundred micrometers. We therefore only consider
hexagonal columns and hexagonal plates as representative of the ice category.

B.1.5 Adjustment factor of terminal velocity

Beard (1980) suggested that calculation of the terminal velocity using the Best number could
be simplified with use of an adjustment factor (fv¢), defined as:

vt = V10 fot (B.16)

where vy0 is a reference terminal velocity. He demonstrated that f,: was not sensitive
to the shape of hydrometeors. When electrical force is not considered in cloud microphysics,
formulas of f,: are as follows:

for = foto (NRey <0.2) (B.17)

fot = fotco (NRey = 1000) (B.18)
fot = futo

4+ (foteo — fut0)(1.61 +InNg_0)/8.52 (Npge, < 1000) (B.19)

Joro = (m0/n) (B.20)

fotoo = (PO/I))O‘5 (B.21)

Nr.o = poDvio/no (B.22)

The upper ( Ng, = 1000 ) and lower ( Ng, = 0.2 ) limits of the Reynolds number
correspond to diameters of several millimeters and tens of micrometers, respectively. Seifert
and Beheng (2006) applied a further simplified adjustment factor based on egs.B.20 and B.21,
as follows:
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fUtan = (po/p)’m’ (n =c,ni, s,g) (B23)

where 7. = 1.0 and v, = 7; = vs = ¢ = 0.5 This simplified formula of the adjustment
factor is intended to avoid dependency on the Reynolds number. However, v, = 0.5 is only
valid for high Reynolds number particles with diameters > several millimeters, as shown in
eq.B.15. The above formula therefore always underestimates the terminal velocity of cirrus
clouds. Another simplified formula for cirrus clouds was suggested by Heymsfield and Iaquinta
(2000), as follows:

fut — (p/p0)70.178(T/T0)70.394 (B24)

where Tp = 233 K and pg = 300 hPa. By using these adjustment factors, we can only
consider the terminal velocity for the reference atmosphere. Adjustment factors used for each
hydrometeor in this study are summarized in Table B.2:

Table B.2: Adjustment factor for the reference terminal velocity.

cloud rain ice SNOW graupel

foo 1 (po/p)*"  (0/po) " T(T/T0) " (p/po) " T(T/To) T (p/po) " TT(T/To) "

B.1.6 Weighted mean terminal velocity

In gravitational sedimentation, mean terminal velocity weighted by the k-th moments of DSD
(Viinq) is calculated in a straightforward manner, as follows:

Vkong = /Ooo xkfnq(;t)vt,nq(z)dx (B.25)

However, the terminal velocity formulas, eqs.B.8 and B.15, are too complicated to analyt-

ically integrate eq.B.25. Seifert and Beheng (2006) and Seifert (2008) used the large branch of
eq.B.8 for rain droplets and simple power laws derived by observation for other hydrometeors.
Here, we provide more accurate formulations to calculate weighted terminal velocities.
As shown above, dependency of the terminal velocity on diameter varies across aerodynamical
regimes. In other words, dependency varies with diameter range. We therefore first prepared
two branches of the terminal velocities of hydrometeors (except for cloud droplets) so as to
integrate DSDs analytically. For cloud droplets, we used the same power law provided by
Seifert and Beheng (2006), based on Stokes' law. For rain droplets, we directly used the
formulation of eq.B.8, which allows analytical integration of each branch. In contrast, we
need to derive two fitting curves for ice particles. The formulation of the terminal velocity
of ice particles is described as a power law of the diameter using the least-square method, as
follows:

Vt,js = av,jsxbﬂ‘jsz (js:i,s,g) (B26)
idmaz
— = — = 2
(RMSE)k,js = Z (lnvk,js,true(Did)_lnvk,js(Did)) (B-27)
id=1
8(RMSE)k7jS - 0 8(RMSE)k7jS:0
0ay s ’ Oby s
- o bo, stk 5
Vi js(Did) = /0 Oy, jsT v,jst f(x,D;iq, L)dx/L
F(Uj.€+b1!,js+k+1) F(vjs+1) b B
S sl o) EEEN
) vis+th+1 vis+2 id,js
P(=r==) ()
Hjs Hjs

imax

> @i s truc fiogp (InDi, Dig, L)AlnD /L
=1

vk,jsit'rue (ljzd)
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where D1 = 10um, Dimaz = 10mm, imaez = 1000, and L is an arbitrary constant. The
fitting ranges of the mean volume diameter in eq.B.27 are from 20 to 400 pm for the small
branch and from 200 to 2000 pm for the large branch. The derived parameters are summarized
in Table B.3.
Second, the terminal velocity with a certain mean diameter is calculated by interpolating
between the two branches in the logarithmic scale of the diameter. We use the mean diameter
weighted by the kth moments of DSD in the interpolation. The formulation of weighted
terminal velocities of rain droplets and solid particles are as shown below:

7Jk,_nq = Wk ,nqVk, l"jgy nqg + (1 - wk,nq)vk,lr_g,nqa (nq = 7‘>i1 s,g) (B29)
wg, = 0.5(1+ tanh(wln(Dy /Do k.r)))
wi,js = maz(0.0, min(1.0,0.5(1 + ln(D;;jS/DO,kyjs)))) (js =1,s,9)
Dy _ fooo an(x)xkfnq(x)dﬂﬁ
k,ng - fooo xk'fnq(z)dm
Vng+bm ngtk+1 Ung+1
_ D—an( Hng ) [F(/munq)]b”"anq (B.30)
- Vngt+k+1 Ung+2 :
(=) r(EES)
_ . fvt,r e k
Vk,sml,r = W 0 [aRSD(l —exp(—bRSD))]CC NT(D)dD
r
(1+ pp,r + 3k)
= aRéi
)‘D,r
bR, \—2—pup .—3k] /PON1/2
X 1—(14+ — D,r — B.31
[1- G+ 63 (B.31)
_ _ fvt,r e k
Ukirgr = i [ [art — briexp(—criD)]z" Ny (D)dD
T
CRI \—1—pp »—3k PON1/2
= ap—br(l+—) "> (p—) / (B.32)
D,r P
N.(D) = No,D HP.rexp(—Ap D) (B.33)

where Do, and Dy ;s are the branch points of the fitting curves (see Table B.4). Here we
apply the form of the modified gamma distribution for diameter as a DSD of rain droplets.
Derivation and correspondences of the coefficient No,,, the slope parameter Ap,r, and shape
parameter puD appearing in the modified gamma distribution are described in Appendix B.
Weighted terminal velocities of ice particles for two branches are calculated by eq.B.28. Fig.B.3
shows the terminal velocity of rain droplets weighted by number and mass concentration. Our
method gives better results than those obtained using the approximated method adopted by
Seifert and Beheng (2006) in the range within their upper and lower limits. Fig.B.4 shows
terminal velocities of ice particles weighted by number and mass concentration.

Table B.3: Coefficients and exponents of the relationship between mass and
terminal velocity of each hydrometeor used in gravitational sedimentation and
other processes.

Hydrometeors Sedimentation of mass Sedi ation of mass Sedimentation of number  Sedimentation number other process
Small Large Small Large
Cloud ay =3.75 x 10°,b, =2/3  a, =3.75 x 10°,b, =2/3  a, =3.75 x 10°,b, =2/3 a, =3.75 x 10°,b, = 2/3 a, = 3.75 x 10°,b, = 2/3

Rain B.8 B.8 B.8

Hexagonal plate a, = 5800, b, = 0.505 67,b, = 0.325 a, = 1.24 x 10°,5,0.549 0.385

Texagonal columns @, = 2000, b, = 0466 2.5, = 0. a. ) 274
Aggregates of planar polycrystals _a, = 152 x 10°,b, = 0528 __a, = 306.0,b, = 0330 __a, = 2.93 x 10, b,0.
Lump graupel @, = 155 x 10°,b, = 0.535__a, = 312.0,b, = 0.330 __a, = 2.76 x 107, b,0.

B.2 Detailed description of cloud microphysics

Cloud microphysics is mainly subdivided into two. One is phase change among gas, liquid,
and solid phases, while the other is the collection process among all particles. In addition,
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Figure B.1: Dependency of terminal velocity of liquid water droplet on diameter.
Marks are from Gunn and Kinzer (1948), red line is from Rogers et al. (1993),
and blue line is calculated by Stokes’ law (eq.B.6) under the condition T=293K,
p=1000hPa.
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Figure B.2: Dependency of terminal velocity of liquid water droplet in maximum
dimension. Each solid line color corresponds to different ice particle types, based
on Mitchell (1996). Hexagonal columns are blue, hexagonal plates are green,
stellar crystals with broad arms are red, aggregates of planar polycrystals in
cirrus clouds are purple, and lump graupel is light blue.
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Figure B.3: Dependencies of number weighted terminal velocity (ven) (left) and
mass weighted terminal velocity (v;r,) (right) of rain droplets on mean volume
diameter (D,,). Abscissa is the mean volume diameter and vertical axis is
the terminal velocity. Dots show exactly integrated values and solid lines show
approximated values obtained in this study (red, green, and blue) and by Seifert
and Beheng (2006) (purple). Red and purple lines are calculated with D = 0,
green lines are calculated with D = 1, and blue lines are calculated with puD
= 31.
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Figure B.4: Dependencies of number weighted terminal velocity (ven) (left) and
mass weighted terminal velocity (vyr) (right) of ice particles on mean volume
diameter (D). Abscissa is the mean volume diameter and vertical axis is the
terminal velocity. Dots show the exact value calculated by Mitchell (1996) and
solid lines show the fitting curves. Red, green, blue, and purple denote lump
graupels, assemblages of planar polycrystals, hexagonal columns, and hexagonal
plates, respectively.
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Table B.4: Branch points of the weighted terminal velocity.

Hydrometeors branch points of weighted terminal velocity [m)]
Cloud Not used
Rain Do, =745 x 1071
Hexagonal plates Dy, = 262 x 10*6,D0,1‘i =399 x 10~
Hexagonal columns Dy,0,; = 240.5 x 1075, Dy, =330 x 106
Aggregates of planar polycrystals Doo,s =270 x 1075, Dy 1 s = 270 x 10~
Lump graupel Dy g = 269 x 10‘6,D0‘1,g =376 x 10~©

all hydrometeors are vertically transported by gravitational sedimentation. Phase change
depends on the thermodynamics of environment air and itself affects thermodynamics through
latent heat release. In contrast, collection is an internal growth process with less interaction
with the atmosphere. Since the growth speed of the collection process is much faster than
that of phase change, the role of the collection process is key to determining the lifetime of
clouds (e.g., lifetime effect). Finally, gravitational sedimentation determines the removal rate
of clouds from the atmosphere. It removes cloud directly by transportation, and indirectly by
the collection process via collision volume (swept volume).

The cloud microphysics scheme developed in this study basically follows Seifert and Beheng
(2006). Their two-moment bulk cloud microphysics scheme is remarkable in improvement of
the collection process by using a bin cloud microphysics scheme. Based on their work, we
modify the cloud nucleation process (Twomey 1959; and Lohmann 2002), the condensation
process (Morrison et al. 2005), and the formulation of terminal velocities (Mitchell, 1996) with
expectation of the application to global cloud resolving simulations. We describe production
and reduction terms of mass concentration and number concentration in the following sub-
sections.

B.2.1 Phase change

Condensation/evaporation

Theoretical formulation of condensation or evaporation is basically derived by balance equa-
tion of vapor and thermal diffusion above the surface of a single particle (Rogers and Yau,
1989; Pruppacher and Klett, 1997). The growth rate of liquid droplet mass z;l is described
as follows:

da.:
B onD ()G (T, 1) Fug (i), (1= 1) (8.31)
R, T Ly Ly -1
G = [7 o ( OT—1)] (B.35)
psw(T)Dv KTT R’U
Fyp(zr) = aupr+ bvf,rNé£3N113/62 (B.36)

Here Gy, is a coefficient related to vapor and thermal diffusion, D,, is diffusivity of water
vapor and K is thermal conductivity, and F, is the so-called ventilation coefficient. This is
a correction factor for the assumption that the water vapor field surrounding each droplet is
spherically symmetrical. Formulation of Fvf was experimentally determined by Pruppacher
and Klett (1997) and it depends on the Schmidt (Ng,) and Reynolds (Ng,) numbers. This
formulation for single droplets is transformed into one for moments following Seifert and
Beheng (2006). Assuming DSD as a generalized Gamma distribution and neglecting change
in DSD caused by other processes in a time step, we can derive the growth rate of moments:

k oo
] = [ @t 2
ot cnd,evp 0 7 ot

We can consider eq.B.37 from a different view point, as follows:

dz (B.37)

cnd,evp

k
el > [Th@tR5] ]
ot lend,evp 0 7 x Ot lend,evp
oo f. k
= / Mdz‘, = 6i| 4 (B.38)
9z lend,evp
0 T ot
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Here, we note that theoretical treatment of condensation or evaporation only changes
droplet mass. We then diagnose the growth rates of other moments using the change ratio
of droplet mass with time scale 7. We can thus derive the growth equation for arbitrary
moments, as follows:

k
oMk,

Ot lend,evp

o0
27rleSw/ Dji(x)Fy g ju(x) fi(x)a~ da
0
= 27ervSwszDjz(sz)puf,k,jz(sz)fffl (B.39)

where va,k,il is an averaged ventilation factor for the k-th moment of DSD. This formu-
lation seems to be valid unless reduction of number concentration occurs. Because reduction
of number concentration occurs only in the case of the smallest droplet being completely dissi-
pated by evaporation, the formulation by change ratio is not suitable for complete dissipation.
This formulation is therefore incomplete to derive the reduction tendency of number concen-
tration by evaporation (condensation never changes number concentration). Temporarily, we
assumed that the number concentration of cloud droplets never declines unless the mean mass
of cloud (Z.) falls below the lower limit Z¢ yin. The treatment of rain droplets is discussed
in the following section.

Evaporation of rain droplets

Only in the case of rain droplets, Seifert (2008) attempted to overcome incompleteness for the
reduction of number concentration in evaporation. He reformulated eq.B.39 as follows:

ONy Ny OL, Ve

It ewp E'Yevp?r ot ;p ZWGZUSwNTDT(i‘T)FUfJ(i‘T) (B40)

Here, evaporation parameter vyeyp means the evaporation efficiency of number concentra-
tion towards mean mass Z,. According to Seifert (2008), Yevp and pm,, are parameterized as
follows:

_ Deq
Tevp D(zr)

_ { 6tauh[cevp,1(D(Zr) — Deq)?] +1 (D(Zr) < Deg)
30tauh[cevp 2(D(Er) — Deg)?] +1 (D(Zr) < Deq)

exp(—0.2m,r) (B.41)

i (B.42)

where Deg = 1.1 X 10~3m is the equilibrium diameter in breakup-coalescence processes,
and Ceyp,1 and ceypp,2 are set to 4000 m~! and 1000 m~!, respectively. In this study, we
apply eq.B.39 for mass and eq.B.40 with veyp = 1 for number concentration as a default
setting (refer to SBO6-run).

Deposition/sublimation for solid water

Theoretical formulation of deposition or sublimation is the same as that of condensation or
evaporation, except for the definition of surface area. The shape of ice particles is not spherical
and varies widely, as shown in section 2.1.2. Vapor and thermal transfer over the particle
surface are therefore expressed by the analogy between the diffusion equation and equations
in electrostatics (Pruppacher and Klett, 1997). Replacing diameter D;s by capacitance Cjs =
Djs/cjs, we can derive the growth equation of a single particle, as follows:

dz ;s

= 4nCsGso(T,p)Fyp(xjs)Si, (js=1,8,9) (B.43)
dt ldep,sbl
R,T L L -1
Gsy = [7” 20 (20 71)] (B.44)
psi(D)Dy ' KrT ‘R,T

Here Cjs = Djs/2 for sphere, Cjs = Djs/m for circular plate, and capacitance of other
typical shapes (such as oblate spheroid crystals and columnar crystals) are expressed by:

o = 25 o= (1= 2, (for spheroid) (B.43)
o= , e=(1—- =), (for spheroi .
J 2sin—1e’ © a? P
A
Cjs = ———— A== (a® - b?)V/2, ! B.46
i Il A)/0] (a ) (for columnar) ( )



where a is the semi-major axis and b is the semi-minor axis. For simplification, cloud,
rain, snow, and graupel are assumed to be spherical, and hexagonal plate ice is assumed to be
a circular plate. In the same manner as condensation (evaporation), we can derive the growth
equation of arbitrary moments, as follows:

OME A

s

= GsvSiN;jsD;s(Z4s)F, 7. )k
Ot ldep,sbl  cjs svSiNjsDjs(Tjs)Fyp r(Zjs)T

Js—l (B.47)

The discussion concerning the reduction term of number concentration is the same as for
rain droplets. We therefore applied eq.B.47 for mass concentration of solid particles. For snow
and graupel, the reduction rate of number concentration is as follows:

ON, _  Njs 9Ljs
ot lset —  Ljs Ot lsbi
1 4w _ = _ .
= — —GsuSiN;jsDjs(Zjs)Fyp1(Z55) (s = s,9) (B.48)
Zjs Cjs

This formulation corresponds to Yeyp = 1 in the reduction term for rain droplets. This
means that sublimation occurs so as not to change the mean mass of DSD (Z;s). Number
concentration of ice never reduces in sublimation unless the mean mass of ice (Z;) falls below
the lower limit. The formulations of the reduction rate for the number concentration of ice
particles are somewhat temporary and will be improved based on insights drawn from the
results of microphysics bin schemes and observations in future.

Accurate integration method to solve condensation/evaporation and
deposition/sublimation

The condensation/evaporation process for cloud droplets usually requires a smaller time step
than rain droplets or other particles because of its timescale. When we apply time integration
with the first-ordered Euler method, the accuracies of condensation/evaporation and deposi-
tion/sublimation processes are poor unless we resolve their timescale. We initially estimate
the timescale with the exact thermodynamic definition in NICAM and then formulate an ac-
curate method to apply the condensation and evaporation processes for cloud droplets, similar
to Khvorostyanov and Sassen (1998) and Morrison et al., (2005). Since the supersaturated
condition is achieved by updraft of air mass, we consider a Lagrangian parcel model with
constant updraft velocity and no mixing with external air mass. Basic formulation is based
on the Lagrangian change rate of supersaturation (dsw = qv — gsw), as follows:

ddsw _ (dqv _ dqsw> (B.49)

dt dt dt
Hereafter, we consider the tendency of specific humidity and saturation, specific humidity
by dynamics, cloud microphysics, and radiative heating.

At first, assuming an adiabatically ascending/descending parcel with no phase change (g, /dt =
0), eq.(B.49) becomes:

do o] aT o] d
swo_ 7( qu) al ( qsw)T£ (B.50)
dt oT P dt op dt
Here, the tendencies of temperature and pressure are described as follows:
dT 1 d d
= @9 —pgw (B.51)

dt  pe, dt’ dt
where ¢p = qacpd + quCpv + QiigCi + qsoiCi is the mean specific heat at constant pressure.

We can derive the dynamic component of the tendency of ds,, by substituting eq. B.51 into
eq.B.50, as follows:

ddsw _ i Oqsw Iqsw
dt ‘DYN_wg<Ep( aT )p+p( op )T) (B.52)

Assuming an air parcel with only cooling/heating by latent heat release, eq. B.49 becomes:
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ddsw _ qu _ (8‘15w)d£
dt ~ dt aT ’ dt

The tendency of temperature is caused by latent heat release with condensation/evaporation
and deposition/sublimation:

(B.53)

ar Ly,00 + (cow — )T daiiqg | Lw,00 + Ly 00 + (co — ¢i)T dgsor
dt Cva dt Cva dt
ilmax
_ L’U,OO + (C'uv - CZ)T J dqjl
Cva =1 dt lend,evp
Lv,OO + Lf,OO + (C'u'u _ Cl)T JSmax dqjs
> (B.54)
Cva fry dt ldep,sbl

The tendency of specific humidity is caused by condensation/evaporation and deposi-
tion/sublimation:

JSmaz d
qjs

d, : dt
cnd,evp Fe=1

ilmax
day _ TR da
dt =

B.55
dep,sbl ( )

We can then derive the cloud microphysics component of the tendency of ds. by substi-
tuting eqs.B.54 and B.55 into eq.B.53:

jl
d(ssw Ly 00+ (va - Cl)T aQSw T
—(1 : ddg;dt
dt ’MP ( + Cyp ( oT )p) jlgl it cnd,evp
Ly,00 + Ly00 + (cov — )T ,0qsw Imar dgjs
_ (1 : : B.56
( + Cy ( oT )P> Z dt ldep,sbl ( )

By replacing the source term of the mixing ratio of hydrometeors in eq.B.56 with eqs.B.39

and B.47:

dg;i
dt
dg;i
dt
dqjs
dt
des
dt

cnd,evp

cnd,evp

de,sbl

dep,sbl

Tend,jl

Tdep,js

Osw
, or
Tend,jl
Osi sw — qsi .
si_ dsw — 9si , Gl=c7)
Tend, 5l Tend,jl
652'
— or
Tdep,js
5sw dsw — qsi . .
- ) (]S =1S, g)
Tdep,js Tdep,js
— —1
( QWleDjl(i'jl)leva,l)
PAsw
1 4rw _ _
( 7Gsijs(xjs)stF'uf,l
PAsi Cjs

We can rewrite eq.B.56 as a function of super saturation itself:

)

95w Alig,li Alig,li Asol,li Asol,li Asol,li
— _ q,t:q + q,trq + »beg + sbeg + sb2q 6511)
ot |Mmp Tend,c Tend,r Tdep Tdep,s Tdep,g
1 1
- + )(QSw — gsi)
Tdep,i Tdep,s Tdep,g
_ Lyoo + (va - Cl)T 6‘1511)
aligliq = 1+ ~ ( )p
Cy oT
Lyoo + Lyoo + (cov — )T 9qsw
Gsol,liq = 1+ — ( aT )p

Cy
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Here, we can find that 7¢,q4,j; and Tgep,js in eq.B.61 are considered as the characteristic
time scale for relaxation of the super saturation condition by condensation/evaporation and
deposition/sublimation processes. The timescale of each hydrometeor is modified by coeffi-
cient ajiq,1iq OT Gsol,1iq, indicating the effect of latent heat release. The second term on the
right hand side in eq.B.61 means the transfer of vapor from liquid droplets to solid particles.
The Bergeron-Findeisen process is implicitly formulated by the difference of saturation vapor
pressure between liquid and solid.

Finally, assuming an air parcel with radiative heating (cooling), eq.B.49 becomes

d(ssw‘ 7_(861310) (dl)
dt |lrap ‘9T /P dt/RAD

(B.64)

All the components in the Lagrangian ascending/descending parcel model are described
by eqs.B.52, B.61, and B.64:

dé. 1)
. = Acnd — - (B-65)
dt Tend
A _ dbsw ‘ ddsw ‘
end = "t Ipyn " dt |rap
1 1 1
- ( + + )((Isw — QSi) (B'Gﬁ)
Tdep,i Tdep,s Tdep,g
Qlig,li Qlig,li Qsol,li Asol,li Qsol,lig \ —
Tend = lig,liq + liq,liq + sol,liq + sol,liq + SOl,l’LQ) 1 (B.ﬁ?)
Tend,c Tend,r Tdep,i Tdep,s Tdep,g

Here, we can see that A.,4 is a production term of super saturation and T cnd is a
characteristic timescale of all phase changes. From formulations of eqs.B.59 and B.60), we find
that the timescale of each hydrometeor is in inverse proportion to its number concentration.
Therefore, the timescale of cloud droplets is the shortest one in all hydrometeors because
the typical numbers of cloud droplets are about 10,000 times more than any others. The
timescales under various conditions are shown in Fig.B.7.

Assuming that time variance of the production term and the timescale in a simulation time
step do not vary much within a model timestep, we can analytically solve eq.B.65:

t
Osw (t) = AcndTend + (6sw (tO) - Acnchnd)exp(_Ti) (B68)

cnd

where ¢t = to + At and to = 0. Then, the condensation (evaporation) rates of cloud and
rain are reformulated by substituting eq.B.68 into eq.B.39 and integrating these:

AL,
At lend,evp Tend, jl

Il
hs)
b
Q
3
IS

p((ssw (tO) - Acnchnd) Tend [ewp(*ﬂ) — 1] (BGQ)

At Tend,jl Tend

This semi-analytical formulation takes time variability of super saturation into condensa-
tion (evaporation) growth. It is therefore better than direct time integration with a first-order
Euler method.

In the same manner, we can also derive the semi-analytical formulation for deposition (subli-
mation) with super saturation for solid water: (ds;),

6si(t) = Adep'rdep + ((Ssi(t()) - Adep'rdep)ezp(_,rd ) (B-70)
ep
AL; Td
12 = pAdep L
At ldep,sbl Tdep,js

p(ési(to) - AdepTdep) Tdep [erp(—ﬂ) - 1:|

(B.71)
At Tdep,js Tdep

where:
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A _ d6sz dész
dev = gt lpyn " dt |raD
1
+ ) (@sw — qsi) (B.72)
Tend,c Tend,r
ap; ag a a a —
Tdep = ( lig,sol + lig,sol + sol,sol + sol,sol + sol,sol) 1 (B.73)
Tend,c Tend,r Tdep,i Tdep,s Tdep,g
Lyoo + (cov — )T ,0qs;
aligsol = 1+ - = (EW i) (B’IS’Z)P
v
Lyoo + Lfoo + (cvv — )T ,0gsi
Asol,sol = 1+ Y / z ( — Z) (a;l)p
v
d(ssi ( 1 BQSi 8‘1572
— gL N )
dt |DYyN w9 Ep( aT )P a op )z
dos; _(GQSi) (di)
dt |RAD oT ’rt dt ' RAD

Finally, we applied eqgs.B.69 and B.71 for prediction of mass concentration and egs.B.40
and B.48 for prediction of number concentrations of rain, snow, and graupel. Number con-
centrations of cloud and ice are assumed not to change by evaporation and sublimation.

Nucleation of cloud droplets

Seifert and Beheng (2006) applied a traditional empirical formulation as an aerosol activation
spectrum, as follows:

Nc(Sw,IOO) = CccnS;ff&) (B.74)

where the super saturation ratio Sy, 100 is in 0. They use Ceenn = 1.26 X 109m 3 and

Keen, = 0.308 in continental conditions and Ceenn, = 1.0 X 103m~3 and Keen = 0.462 in
maritime conditions. Further, Seifert and Beheng (2006) transformed eq.B.74 into a tendency
formulation by time differentiation of the activation spectrum:

cen—1 aswv
AN, CCC"ZHCC"SZ),IOOBS%
9t = (Sw,100 > 0, wgi.zl()o >0, and Sw,100 < 1.1)
0, (else)
OL. ONc
= - B.75
ot nuc T T e (B.75)

where ¢ nue = 10~12kg is an arbitrary mass of nucleated droplets. Because the aerosol
activity spectrum is a function of supersaturation and is unbounded by total aerosol number
concentration, we chose an upper limit of activated aerosols as 1.5 X Cccn, as similarly chosen
by SB06. The maximum activated aerosol number concentration is 1.5 times the activated
aerosol number concentration at ssw =1 °/,. It should be noted that this formulation depends
on the grid value of super saturation ratio, vertical velocity, and vertical derivation of the super
saturation ratio. Since super saturation significantly varies with tens of meters above the cloud
base (see Fig.B.9), accurate prediction of super saturation and its vertical derivation is quite
difficult. In this study, we applied a traditional nucleation scheme (Twomey, 1959; Rogers
and Yau, 1989) following Morrison et al. (2005):

Nc,nuc(weff) _ 0.880026/7<LNCC1L+2) (0.07w2]/c§)’€ccn/(/iccn+2) (B.76)
¢p dT
Weff = w+wTB*;p(E)RAD (B.77)

where we ¢ is effective vertical velocity for nucleation and wr g is the sub-grid variability
of terminal velocity. This is an analytical formulation of maximum number concentration
around the cloud base for the Twomey equation, with aerosol activated spectrum by eq.B.74
(see Fig.B.6). Using this scheme, we do not have to resolve the vertical variability of super
saturation around the cloud base. Furthermore, applying sub-grid turbulence effects on verti-
cal velocity reduces under-estimation of nucleated cloud number concentration caused by low
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horizontal resolution (Ghan et al., 1997; Lohmann, 2002; Morrison and Pinto, 2005). In this
study, implementation of the sub-grid turbulence effect follows Lohmann (2002):

2
wrg = cTB(gTKE)l/Q (B.78)
Nc,nucl = 01x ]Vc,'nuc(weff)l'27 (B~79)
3

where crp = 1 is used in this study, Nc,nuc cm™° is a grid-averaged nucleated cloud
number concentration, and N¢ nuc (weff)cm*3 is maximum cloud number concentration in
turbulent air. By substituting eqs.B.76, B.77, and B.78 into eq.B.79, the tendency of cloud
number concentration is calculated as follows:

ONc %’ (Sw >0, Nenue > Nc and at cloud base)

- B.80
ot nucl 0, (6186) ( )
OLc . ON. Ssw

ot Inuc mn (‘rc,mzn ot |nuc’ At ) (B.Sl)

Since nucleation is usually limited around the cloud base within several tens of meters
(see Fig.B.9), we define the cloud base layer (kcpgse) where the nucleation scheme works as
follows:

1.5 x Ceen > Nc,nu(kcbase) >0, and NC,nu(kcbase - 1) < 106 (B-82)

In addition, we prepare the option (NO-TB) to switch off the effect of turbulence by
substituting eqs.B.76 and B.77 with wrp = 0 into eq.B.80. However, there remain some
problems to be solved in future:
1.Definition of cloud base is empirical and arbitrary.
2.Implementation of sub-grid scale is empirical and cpp is a kind of tuning parameter. In
particular, the TKE approach only considers isotropic eddies. Sub-grid should be expressed
as sub-grid cloud dynamics.
3.Formulation of eq.B.79 does not converge with the NO-TB option when TKE = 0.

We need to investigate the above problems by using a large eddy simulation (LES) cloud
model.

Nucleation of cloud ice

This study employed two simple ice nucleation schemes, which do not require the properties
of ice nuclei. One is the depositional and condensational freezing nucleation scheme parame-
terized by Meyers et al. (1992):

Ny = 103exp(—0.639 + 12.965,4;)

where Ny is nucleated ice nuclei and S,,; is supersaturation for solid water. While this
scheme is widely used in CRMs (e.g., Walko et al. 1995; Khain et al., 2000; Seifert and Beheng,
2006), it is not acceptable for temperature conditions < -20 °C or supersaturation > 0.25,
where observational data were not available in their study. For simulating cirrus clouds around
the tropopause, application of this scheme to CRMs may cause significant error. Phillips et
al. (2007) proposed an alternative scheme to modify Meyers’ s scheme by fitting observational
data at temperatures between -30 °C and -80 °C obtained by Demott et al. (2003):

Ny = 10%exp[0.3 x 12.96(S; — 0.1)] (B.83)

In this study, the nucleation rate is formulated by newly nucleated ice nuclei with super-
saturation tendency in the same manner as Murakami (1990):

. ON 9Ss0 9S.0
ANi - _ 8551(1,\; 52k, (Ssot > 0 and =532k > 0) (B.84)
At 0, (else)
aSsol ~ aSsol assol or
ot [ o vt Cor )(Bt)RAD]
AL; AN (B.85)
At nuc B At n’LLC$IN ’
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where z;n = 10712kg is an arbitrary parameter for a nucleated ice nuclei mass. Here,
we assume the change of supersaturation comes from the vertical motion of air masses and
radiative cooling. Meyers ' s scheme better reflects the number concentration of cloud ice
than Phillips’ s scheme, and the divergence becomes larger as supersaturation increases. This
difference stems from the sampled air masses used in observational data that the schemes
referred to and from implicit dependencies of the schemes on temperature and aerosol species.
It is expected that Phillips ' s scheme is appropriate for simulation of mid-latitude cirrus
clouds because it is based on air masses sampled in the free troposphere in mid-latitudes,
while Meyers ' s scheme is based on air masses sampled in the atmospheric boundary layer,
which is rich in ice nuclei.

Freezing

The freezing process involves two types of mechanisms. One is homogenous freezing, i.e., freez-
ing of supercooled water droplets without other agents. Another is heterogeneous freezing,
i.e., freezing of supercooled water droplets with insoluble parts of aerosols dissolved in cloud
droplets. We apply the same parameterizations for both homogeneous and heterogeneous
freezing as Seifert and Beheng (2006a). Cotton and Field (2002) parameterized the homoge-
neous freezing rate for a single droplet by fitting to the theoretical estimation of Jeffery and
Austin (1997). We apply their parameterization as per Seifert and Beheng (2006a):

1 Ofc(x)
fe(z) Ot lhom

where Jj,op, is a homogeneous freezing rate (kg~'s~1) and T. is centigrade temperature.
Jhom 1is formulated as a function of temperature, as follows:

= 7thom(Tc) (B'86)

25.63 — 243.4 — 14.75T. — 0.307T2, (—65°C > T¢)
10g10(10 3 Jhom) = {  —0.00287T3 — 0.0000102T2, (—65°C < T. < —30°C)
—17.63 — 2.996(T. + 30), (—30°C < T.)

Based on the equation for a single droplet, we can derive the equation for moments by
integrating eq.B.86, as follows:

ON,
atc hom ~Lednom = —NeZeJhom (B.87)
oL reEs) |
Btc hom - —Zthom B _Wl’czc‘]hom (B.SS)
He

Here, we mention that eqs.B.87 and B.88 are expressed via filtered Z. in order to avoid
artificial values of the prognostic variables. Homogeneous freezing for rain is not considered
because it is negligible compared with heterogeneous freezing, given the large size. Although
Cotton and Field (2002) also considered freezing point depression due to soluble aerosols, we
do not consider the effect because Seiki and Nakajima (2014) ' s approach is not yet coupled
with aerosol transport models. Heterogeneous freezing is based on Bigg ' s (1953) empirical
formulation, which is widely used in CRMs:

1 /()

f(z) ot
where Jp e is the heterogeneous freezing rate. Jp; is formulated as a function of temper-
ature, as follows:

= et (T2) (B.89)

Jhet = Anet (exp(_BhetTC) - 1) (B~90)

where Apep = 0.2kg~1s~! and Bp.; = 0.65K ! are empirically determined parameters.
Similar to homogeneous freezing, we can derive the equation for moments, as follows:

ON;

8t” L, = ~Nafudner (il = c,r)sn126) (B.91)
vii+3 v+l

oLy _  TCEOTCED) L

ot lhet —Wlﬁﬂiljhet (il =c,r) (B.92)
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Although heterogeneous freezing should also be formulated as a function of aerosol con-

centration, here we apply a simple formulation because our model is not yet coupled with an
aerosol transport model.
These parameterizations thus do not include aerosol information and are considered to as-
sume background aerosols. The validity of parameterization was demonstrated by Khain et
al. (2001). Nevertheless their model also applied the same simple freezing parameterizations,
representing observational features of supercooled liquid water as per Rosenfeld and Woodley
(2000). Both freezing rates are shown in Fig. B.10. Heterogeneous freezing is dominant at
temperatures > -35 °C. At these temperatures, supercooled liquid water is mixed with ice
particles. In contrast, the homogeneous freezing rate suddenly increases < -35 °C. Liquid
water droplets have hardly been observed < -40 °C (Rosenfeld and Woodley, 2000). This can
be represented by using the parameterization.

Melting

The melting process is the same as that of Seifert and Beheng (2006a), based on Pruppacher
and Klett (1997). Theoretical treatment of this process is similar to that of the condensation
process. The differences are:

1.Time scale of evaporation of a single particle is replaced by that of fusion of a single particle.
2.Vaporization of melted particle is considered in a balance equation of vapor and thermal
diffusion.

As a result, the melting rate of a single ice particle is described as follows:

dxjs 27TDjs DT
= - s g (T —Ty) 2L ,
dt lmit Lo [ 7 0) 5 For(@ss)
Dy Lyo ,p psw(To . .
v Do pwlhp )] Gs=isg) B

where D7 is diffusivity of heat and Ty = 273.15K is melting point. The growth rate of
moments can be formulated by using a melting time scale 7,,;+, defined as follows:

Tjs
dz ;g
( di )mlt
oo k£,
_ _/ z fJS(z)dZ‘
0

Tmlt

(B.94)

Tmlt =

k
oM,
ot

mlt

2 KrD DyL Tt
_ e [ T T(T*TQ) + v L0 (Pl _ psw( 0))]
Lol Dy R, T T

X NjSDjS(:fjs)m;L‘;lpvf’js (B.95)

We mention that this scheme allows the existence of ice particles over the melting point
(T > 273.15K) since the melting time scale of large particles can be longer than a simulation
time step. Actually, ice particles are transitionally converted into liquid droplets and the
type of hydrometeor is not changed in the transition. However, here we assume that ice water
mass is converted into liquid water mass over a certain melting time scale and the liquid water
component is categorized as other hydrometeors. Here, graupel and snow are converted into
rain, and ice is converted into cloud. This formulation may cause artificial production of cloud
or rain in melting. Validation experiments and impact assessment are therefore necessary in
future.

B.2.2 Collection process

The collection processes are the same as Seifert and Beheng (2001), Seifert and Beheng
(2006a), and Seifert (2008). The collection processes among hydrometeors are summarized
in Table B.5. In this section, the formulations of the collection processes, auto-conversion,
accretion, aggregation, riming, and related processes are described.

Self-collection, auto-conversion, and accretion

With a few assumptions and a little algebra, Seifert and Beheng (2001) derived the analytical
formulations of self-collection, auto-conversion, and accretion processes, as follows:
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Table B.5: Hydrometeors that result from binary collision. Collecting hydrom-
eteors are written in the 1st row and collected hydrometeors are written in the
1st_column.

cloud water rain cloud ice snow graupel
cloud water Tain B . - =
rain Tain Tain rain(T > 273K), graupel(T < 273K) _rain(T > 273K), graupel(T < 273K) _rain(T > 273K)
cloud ice cloud ice - Snow - -
g::\(:;:;\,l g::::nl grmlpcl(Y: < 273K) grm-.pcl g::::vl
ON, 2
c — —kee (Vc + ) @LZ (B96)
Ot laut+sle (l/c —+ 1) p
OLc - _ kee (ve+2)(ve+4) PO 21:3 (B.97)
ot laut 20x* (ve +1)2
ON, 2 0L
- = == (B.98)
ot laut z* Ot laut
ON. 1 ON., 1 0L
r = -9y 2 Ohe (B.99)
ot laut 2 Ot laut r* Ot laut
ON. PON1/2
—_— = —kerNeLp(— B.100
Ot lace eratesr ( p ) ( )
OL. PON1/2
= —kerLeLr(— B.101
Bt acc erse T( p ) ( )
ON,. PON1/2
= —kyrLyLy(— B.102
ot lsle rrEnEr ( P ) ( )

with k. = 4.33m3kg~1s~1, and where density factors are introduced by Seifert and Beheng
(2006a) in order to correct the effect of terminal velocity on collision efficiency. In addition
to the analytical derivation, Seifert and Beheng (2001) made corrections depending on the
development stage by using the dimensionless internal time scale. Since moment bulk methods
cannot represent complicated changes of high-order moments, corrections are necessary as
DSD undergoes evolution by collection processes. First, the auto-conversion rate is represented
by 7 by substituting eq.?? with eq.B.97:

& _ k'cc (Vc + 2)(Vc + 4)
Ot laut  20x* (ve +1)2

P022r(1 - 72) (B.103)
p

The assumptions used in the derivation of eq.B.103 are valid for the initial stage of colli-
sional growth. Additional collection by a universal function ¢qut was therefore introduced by
Seifert and Beheng (2001), as follows:

ﬁ _ kee (Vc + 2)(Vc + 4)
Ot laut — 20z (ve+1)2

%OxiLgxg [(1 = 72) + Gaue(7)] (B.104)

Similarly, the correction for the accretion rate is also made by a universal function ¢gcc:

or
ot

= kcrL(@) 1/2(1 - T)T¢acc (7') (B105)
acc P

In contrast to the correction for the auto-conversion rate, the assumptions used in the
derivation of the accretion rate are valid for the mature stage of collisional growth. A correction
function is therefore multiplied so that ¢qut becomes zero for the beginning of collisional
growth and one for the mature stage of collisional growth. Here, it is recognized that the
growth rate of the dimensional internal time scale is proportional to LWC in egs.B.104 and
B.105. The parameterizations developed by Seifert and Beheng (2001) therefore satisfy the
similarity included in the SCE. Finally, the universal functions are derived by fitting to results
by a bin cloud microphysics model:

Saut(t) = 400707 (1 —707)3 (B.106)
bace(T) = (Wf (B.107)
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These functions are shown in Fig.B.9.
Here, we mention that the fitting curves of the universal functions highly depend on calculation
by a bin cloud microphysics model. In fact, the functions proposed by Seifert and Beheng
(2006a) were modified from the original functions by Seifert and Beheng (2001), with progress
in the estimation of the collection kernel. We will have to update the parameterizations when
more sophisticated collection kernels than the one used by Seifert and Beheng (2006a) become
available.

Break-up

Large rain droplets are not always stable in the collision process. It was observed that large
rain droplets could break up into many small droplets after the collision ( Low and Lists,
1982 ). Collisional break-up sustains mean droplet size so as not to grow extremely large and
cause strong precipitation. As discussed by Hu and Srivastava (1995), the system of collision,
coalescence, and break-up reaches the equilibrium condition between coalescence and break-
up after a sufficiently long time. Consequently the DSD form of rain is led to the self-similar
equilibrium DSD with equilibrium mean diameter Deq . Seifert and Beheng (2006a) simply
parameterized the break-up process as a relaxation of DSD with mean diameter > Deq to the
self-similar equilibrium DSD.

ON,-

_ ON,.
ot = - [‘z)brk(ADr) + 1]

brk ot

(B.108)

slc

where ¢y, is a universal function of break-up, and AD, = D, — Deq, D, is the mean
volume diameter of rain, with Deq = 1.1mm according to Seifert (2008). The universal
function was derived by fitting to the results by a bin cloud microphysics model based on (
Seifert et al. 2005 ), formulated as follows:

— exp(ﬂb[kADT_) - 19 _(D'r > Deq)
Gori(ADy) = Ky ADr, (Deq > Dr > 0.35 x 10~%m) (B.109)
-1, (0.35x 1073 > Dy)

with Ky = 2.3 X 103m =1, and kprr, = 1000m L. For mean volume diameter < 0.35 x
10~ 3m, break-up is neglected.

Mixed-phase collection

In the previous sections, collection processes are limited for warm clouds. In this section, we
describe the collection processes for mixed phase clouds. In contrast to warm clouds, there
exist many kinds of particles in cold clouds, as discussed in section 2.1. Since the variety
of shapes and their coexistence conditions differ case by case, there are no systematized
theories, observations, and experiments for mixed phase collection processes. Seifert and
Beheng (2006a) therefore proposed a general formulation of collisional interactions among
hydrometeors starting from simplification of the SCE. Due to the variety of hydrometeor
types, the patterns of interaction are categorized into the following five cases.

1.A particle of hydrometeor® a” collects® b” and then the collecting particle a” grows.
This pattern corresponds to the collision between ice and cloud (ic), snow and cloud (sc),
graupel and cloud (gc), snow and ice (si), graupel and rain (gr), and graupel and snow (gs).
2.A particle of hydrometeor® a” collects* b” and then another particle® c¢” is produced.
This pattern corresponds to the collision between rain and ice (ri), and rain and snow (rs).
3.A particle of hydrometeor” a” collects” a” and another particle® b” is produced. This
pattern corresponds to the collision between ice and ice (ii).

4.A particle of hydrometeor” a” collects* a” and then the collecting particle* a” grows.
This pattern corresponds to the collision between snow and snow (ss).

In the following sections, we introduce the derivation of mixed phase collection corresponding

to the five cases.

Collision case 1: a+b — a

In contrast to the SCE for warm cloud, the production and reduction terms are slightly
different in binary collision between two types of hydrometeors. The reduction term of the
hydrometeor” b” and the production term of the hydrometeor* a” are described as follows:
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af(;il(fy) col,ab - /0oo fb(y)fa($)Kab($,y)d$ (B.110)
%I(fy) col.ab - /Ooo fa(l‘ B y)fb (x)K"'b(r -Y y)dx

|7 @) Ko )iy (B.111)

Here, the formulation of the collection kernel is often described by the swept volume of
large particle, as follows:

Kap(2,9) = Bap(2,9) 7 [Da() + Dy(v)]* [ve.0(2) = v1,0(v)] (B.112)

where E,; is collection efficiency, and D; and v;; are diameter and terminal velocity
respectively. We can derive the growth rate of the kth moments by integrating eqs.B.110 and
B.111:

oM} oo oo ]
atb col,ab Z /0 /(; fb(y)f(l(w) [Da(fl‘) + Db(y)]
X |ora(@) = vy (y)| Eas (@, y)y* dedy (B.113)
8M(’f T [ [oo )
Ot lcol,ab Z /0 /O fa(@) fo(y) [Da(I) + Db(y)]
X |vta(@) = vep ()| Eab(z,9)[(z + )" — ¥ dedy (B.114)

Here, the difference of the terminal velocities and the collection efficiency in the integrand
make analytical integration of eqs.B.113 and B.114 impossible. In the past, many researchers
have tried to express integration by approximation. Seifert and Beheng (2006a) achieved
integration by using the approximation proposed by Wisner et al. (1972), with some im-
provements. Hereafter, we only demonstrate the equations for the Oth moment N and the 1st
moment L.

0Ly T - -
- ~ ——FAv!
Ot lcol,ab 4 ab vt,ab
x /0 /0 Ja(@)F5(y) [Dal(@) + Dy(y)] *ydady (B.115)
oL T = = oo oo
a > TE,Adl, / / fa(@) £5(v) [Da (@) + Dy(y)) *ydady
ot col,ab 4 > 0 0
oLy
—_  _ =5 B.116
- (B.116)
8Nb ~ v = —0 e
ot lcol,ab - ZEabAvt’a’b A
oo
x /0 Fa(@) £5(v) [Da(@) + Dy (y)] *dady (B.117)
ONg
= B.11
ot lcol,ab 0 ( 8)

where Eyy, is the mean collection efficiency and Av%’a , is a characteristic velocity difference.
Thus, the integrands are transformed so as to be integrated analytically and the problems
result in the evaluation of Eg, and Aviab. Some cloud microphysics schemes evaluate Aviab
as the approximation proposed by Wisner (1972):

Avf oy = [0k (Ta) = D ()] (B.119)

The characteristic velocity difference is simply approximated by the difference between
mass weighted mean terminal velocity of the hydrometeors. This is equivalent to the physical
assumption that all particles are falling with the same terminal velocity equal to the mass
weighted mean terminal velocity. However, as pointed out by Seifert and Beheng (2006a), the
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formulation underestimates the term for similar mass weighted mean terminal velocities, even
though larger particles preferentially collect smaller particles due to their different terminal
velocities. Seifert and Beheng (2006a) applied an alternate approximation in order to avoid
the abovementioned problem, as follows:

fooo fooo Vt,a(T) — Ut,b(y)2D¢21foa(l")fb(y)ykdﬂvdy] 1/2
1S Jo° D2D2 fa() fo(y)y* dady
The integrand can be integrated straightforwardly assuming diameter and terminal ve-

locity follow power laws given in section 2.1. Here, we apply the equivalent projected area
diameter, in contrast to the maximum dimension applied by Seifert and Beheng (2006a):

Ak, = | (B.120)

D = Dc(:v):(%A)lmzacxbc (B.121)

4
ac = (;aaz) , b= —

Since diameter is used in the calculation of collisional cross section, maximum dimension
overestimates collisional cross section for needle or column-like crystals. First, the denomina-
tor in eq.B.120 is transformed as follows:

|7 [ PraDE st o) iy
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Second, the numerator in eq.B.120 is transformed as follows:

/0 /0 [00(2) — v0.6)]> D2y D2 fa (@) fi(v)y" dady
2

2 2 260 4 +2bv,a
ag, ag, [a M,

v,atta
2bc p+k
+ M,

D%’,a(i‘)D%,b(Q)gk
F(2bc’a+2z1;'a+va+1) F( 2bc’b+#ka+va+l ) F(U(Li_l )

P P )

2bg,atbv,atvatl ) F(ch,b+bu,a+k+va+l )
Ha ta

P P

2bc o +bu, 2bc p+by btk 2 2bg, 2bc p+2by p+k
—2ay,a0y Mg T My, v + a7 Mg " M, v ]

]2b01a+2bu,a [F(%)

&

2, +k
+ 7@ |

= 2vt,a(f)vt,b(l7)

X [AF(UZjl)rhc,n*bw [F(vzitl) ]th,a,+bvvb+k

r(%22) P(H52)

F(2bc,a,+va+1) F(ch,b+2b'v,a+k+va+1)
Pa Ha [

P P

vg+1
F( Ha 2b0,a
r ( Ve +2
Ha

+ i, (@)

r vb+1)
x [%
L)

2 +2b, ptk
] bc,a b (B.123)

Finally, the characteristic velocity differences are derived by substituting eqs.B.122 and
B.123 into B.120:
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Here, it can be noted that the notation“ ab” in ng is not symmetrical because 9517 is
weighted by the mass of collected particle to the power of* k” . Integrations in egs.B.115 and
B.117 are similarly calculated as follows:

/0 - /0 ~ fa@) fo(v) Da() + Dy(y)?yF da
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Here, 5& is also asymmetrical in" ab” as 051)' Finally, the growth rates of the prognostic
moments are represented as follows:

oL T -
: = T EwNaLydgD? 4(Ta) + 6gy D a(Ta) Doy (To) + 63 DE 4 (Th)
0 lcol,ab 4 ’ s
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where o, and o}, are constant variances due to the probabilities of the terminal velocity of
particles. Seifert and Beheng (2006a) proposed the concept to mimic an introduction of the
effect of turbulence on the collection kernel with the use of constant variances. The constant
variances are only applied to ice and snow with o; = 05 = 0.2ms~!; no variances are assumed
for other particles.

Collection efficiencies of ice particles

The collection efficiencies of ice particles are poorly understood due to their varieties and to
the lack of systematic observations. In addition, efficiencies cannot be approximated by power
laws. Seifert and Beheng (2006a) therefore described them in a simple way. The collection
efficiency F,, can be decomposed into two components of efficiency: the collision efficiency
E.,; and the sticking efficiency Egtic,- This means that two particles stochastically collide
with each other with E.,;, and then stick to each other with Eg;;cx. It is considered that the
mean possibility of collection E,p is parameterized by multiplying E.o; by Esgick:

123



Eab = Ecol,ab X Estick,ab (B134)

The mean collision efficiencies of each hydrometeor are given as follows:

Eeotab = Ecolya X Eeotkoy (B.135)
0, (De < Deyo

Beore = { bD:%D[)Cva (De,o € De < De 1) (B.136)
1, (D¢, < De)

Eeorr = 1 (B.137)

Beot.js = {%COEZJ;;S,I5?%Z)> 150nm), (js =1i,s,9) (B.138)

with De,o = 15um, De,1 = 40pum, Eeol,max,i = Feol,maz,s = 0.8 , and Eeol maz,g = 1.0.

Furthermore, the mean collision efficiency of one is assumed in the collision between rain
droplets and ice particles, and between ice particles. These values are so empirical that fur-
ther investigations and assessments are required.
Sticking efficiency is considered only in the case of the collision between ice particles. Oth-
erwise, efficiency is assumed to be one. It is known that sticking efficiency depends on en-
vironmental conditions and on the shape of ice particles (Pruppacher and Klett, 1997). Ice
crystals with many branches are likely to stick each other. In wet conditions, ice particles
are also likely to coalescence because of their surface condition. Since these dependencies of
sticking efficiency are poorly understood, some simple formulations have been proposed by
past researchers. Lin et al. (1983) proposed the following:

= 0.09 x T.], (T. <0°C
Estz'ck:(T) = { ixPETc > Ooé]) ( €= ) (B.139)

In contrast, Cotton et al. (1986), proposed an alternative formulation based on observa-
tions (Hallgren and Hosler, 1960), as follows:

Estick (Tp) _ min(100'035(TP_273‘15)_0‘7, 0.2) (B.140)

where T}, is particle surface temperature. They also diagnosed the departure of particle
surface temperature from the environment due to phase changes in the calculation. In addi-
tion, their formulation has an upper limit to reduce efficiency, based on observations. Similarly,
Khain and Sednev (1996) proposed a formulation based on other observations (Hosler et al.,
1957; Rogers et al., 1974). Their formulation also depends on vapor pressure, as follows:

Boier = min(SEX2 1) (B.141)
Psi
SE = max(as + bsTe + csT2 + dsT3,0) (B.142)

with as = 0.883, bs = 0.093, cs = 0.00348, and ds = 4.5185 x 10~°. In this study, the
formulation proposed by Lin et al. (1983) is applied following Seifert and Beheng (2006a).
These efficiencies are shown in Fig.B.10, with various observational data from Pruppacher
and Klett (1997). Further investigations and assessments are necessary to determine which is
better, although there is limited information.

Collision case 2: a+b — ¢

The case is the same as case 1, except for growing particles.

ofv(y) _ oo

ot leotabs _/0 Fo()fa(@)Kap(@, y)du (B.143)
afa(x) _ oo

ot col,abs - 7/0 fa(z)’fb(y)K“b(m’ y)dy (B144)

The growth rates of prognostic moments are derived as follows:
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Finally, the equations are transformed by using approximations, as follows:
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In this case, binary collisions between particles in the same hydrometeor are considered. All
pairs in the collision turn into the other hydrometeor, as follows:
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The growth rate of prognostic moments is as follows:
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Collision case 4: at+a — a

In the case, self-aggregational growth is considered. In the aggregation, the number concen-
tration of the hydrometeor“ a” decreases under conservation of mass concentration. The
basic equation is the same as for case 3, except for the absence of the other hydrometeor:
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B.2.3 Secondary processes

There are several secondary processes associated with mixed phase collection. Here, we briefly
describe these, following Seifert and Beheng (2006a).

Enhanced melting

We assume that particle temperature is the same as environmental temperature. However, the
melting process allows the existence of ice particles under warmer conditions than the melting
point. Under these conditions, in the riming process, coalescence of a liquid droplet uniformizes
the temperature of two colliding particles. Subsequently, the temperature difference between
an ice particle and a liquid droplet are compensated for by latent heat release of the ice
particle. In our model framework, since the category of wet ice particles is not considered, the
melting part of a riming particle is accounted for as the production of a liquid droplet. The
melting rate by the riming process is formulated following Rutledge and Hobbs (1984):

OLjs)  _ _aTedljs
ot emli Lf() ot

| (T >0°0), (js =i,5,9) (B.159)

co
Here, the reduction rate of number concentration is treated similarly to the melting pro-
cess:
ONjs
ot

1 0L,

eml Tjs ot

(B.160)

col

Partial conversion

According to Seifert and Beheng (2006a), a riming particle becomes a densely rimed spherical
particle as soon as the collected liquid droplet fills up the envelop of the collecting ice particle.
The produced densely rimed spherical particle is categorized as graupel. Here, we consider
that the volume difference between an ice crystal or a spongy ice particle and its enveloping
sphere is filled by the collected liquid droplet. The critical liquid droplet mass Zcrit,peon iS
estimated by the geometry of ice, as follows:

126



Tjs

T~ . .
i’crit,pcon,js = afill,jspw(ijs - (]S =1, S) (BIGI)

6 pe’

where af;;; is the so-called filling coefficient, and pe = 900kgm—3 is density of ice. The

filling coefficient is the criterion used to categorize an ice particle as graupel based on density.

Tentatively, ajyy, i = 0.68 and ayy, s = 0.01 are set by Seifert and Beheng (2006a). This

means that snow is categorized as almost unrimed ice particles. The characteristic conversion

time scale T pcon is estimated by the growth rate of mean particle mass by the riming process,
as follows:

icr‘itﬁ,pcon,js
T g = ——— B.162
peon,ss = 1 o (B.162)
Ny Ot | ime

Finally, the conversion rates of riming particles into graupel are derived by using the
characteristic time scale:

oL L; T oL,
g _ 22 — min(= Ljs .1 5 (B.163)
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The conversion rate of number concentration is as follows:
ON, 1 0L
g =9 (B.165)
8t pcon zjs Bt pcon
The conversion coefficient of riming particle Z/Zcrit,pconv is shown in Fig.B.11. In this

formulation, small ice particles are likely to convert into graupel in riming because small ice
particles have simple geometry and are almost spherical. In order to suppress the conversion
of small ice particles, partial conversions are limited to ice particles with mean diameter
> 500um.

Ice multiplication

It has been observed that the number concentration of ice particles can be up to several
orders of magnitude larger than ice nuclei in atmospheric clouds (Pruppacher and Klett,
1997). Among the possible mechanisms to explain this, the Hallet-Mossop mechanism has been
widely discussed and applied in cloud microphysics schemes. The Hallet-Mossop mechanism
is based on the fact that ice splintering occurs when many liquid droplets are collected by
graupel. Cotton et al. (1986) applied the formulations based on observations by Hallet and
Mossop (1974) and Mossop (1976). Hallet and Mossop (1974) reported that approximately
350 ice splinters were produced for every 10~3g of rime accreted by graupel at -5 °C. The
parameterization is formulated with the temperature correction fl in units of mks, as follows:

ON; 6 dLjs
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ot lspll,js fl( ) ot lrime,js
0, (T >< 270.16K)
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AT = @ (268.16K > T > 265.16K) (B.167)
0, (265.16K >T)
The splintering mass concentration is assumed as follows:
L; N;
oL 7, i (B.168)

=T
ot lspl1 ot lspl1

On the other hand, Mossop (1976) reported that approximately one ice crystal was pro-
duced per 250 drops > 12um radius accreted onto a graupel at -5 °C. Since it is difficult
to calculate the number concentration of riming cloud droplets > 12um (Nyime,c), here we
assume a simple relationship following Cotton et al. (1986), as follows:
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where Q is the complement of the incomplete gamma function and x12 is droplet mass
with radius of 12um. With the above relation, the parameterization is formulated with the
same temperature correction function in units of mks, as follows:

8Nl' 1 Nc aLjs . .
= — X X QX (— = B.170
ot spl2,js 250 fl Q Lc ot )7 (JS 7'7879) ( )

rime,js
In contrast to Cotton et al. (1986), we evaluate the incomplete gamma function with an
accurate approximation by Press et al. (2007). The splintering rates of mass concentration
are assumed as follows:

oL; _ ON;
=,

ot lspi2 ot

Here, it should be noted that we may double-count the ice multiplication process due to

the Hallet-Mossop mechanism by using two formulations. Those two formulations may be two

independent processes or interpretations of the same process under two different developmental

stages. Since the process is poorly understood because of lack of observation, assessment of
the process based on sensitivity studies will be necessary in future.
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Figure B.5: Left figure shows the modified Gamma distribution for various shape
parameters 4 m. Center figure shows the scatter plot of shape parameter and
mean volume diameter for various initial conditions. Gray dots are from the
cloud model, dotted line is parameterization of Milbrandt and Yau (2005), and
dashed-dotted line is that of Seifert (2008). Right figure shows the scatter plot
of evaporation and shape parameters. These are from Seifert (2008).

B.2.4 The k-th moment of generalized Gamma distribu-
tion

The kth moment of the DSD frequently appears in cloud microphysics equations. In this

section, we describe derivation of the kth moment of the generalized Gamma distribution.

The generalized Gamma distribution is defined as f(z) = azvexp(—Azp). There are four

parameters in this generalized Gamma distribution but only two prognostic moments in a

CRM - the number concentration N and mass concentration L. Hence, ¢ and v are set constant
parameters so that the other coefficients o and A can be related to N and L, as follows:

oo
M°=N = oc/ ¥ exp(AzH)dx
0

o0
= m/o y D/ eap(—y)dy, (y = Aat)
@ v+1
stz ()
[e% v+1
o7 ()

(B.172)
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Figure B.6: Dependency of maximum number concentration on updraft velocity
in ascending air parcel. These are based on a Twomey equation with various

CCN conditions. Aerosol activation spectrum refers to eq.B.74.

100

o=

0 =
% X
O X
o= x

-
&+

Tendlsec]
]

Tena-Ocean 100%
£ -Ocean 80%

“end:

]
a
o
B
7]
=]
@
=
&
O * % +

EE
I =
| SR g

0.1
Wim/s]

Figure B.7: Timescale of condensation for cloud droplets at maximum num-
ber concentration in ascending air parcel. Experimental design is the same as

Fig.B3.6.
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Figure B.9: The universal functions of (a) auto-conversion and (b) accretion as
a function of the dimensionless internal time scale.
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Figure B.10: Dependency of sticking efficiencies on centigrade temperature.
Sticking efficiencies based on (a) various observations from Pruppacher and
Klett (1997) and (b) model parameterizations.
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Figure B.11: Coefficients of partial conversion. Solid line shows the coefficient
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« is then expressed as:
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and we can derive A and a:
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where T = L/N defines the mean particle mass. We can rewrite the generalized Gamma
distribution by using N and L, in the following form:

Fa) = %(%)V% [F(V:,L-?)]er [,[Mf]u] Barh)

(metd) Lo (25 L((v+1)/p)

i
The kth moment of DSD is now given by the expansion of eq.3.172 and by using eq.13.173:
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k
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Appendix C

Notation

Notation of symbols is shown in the Table C.1.
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Table C.1: Notation of symbols

variables  description unit

p total density kg/m?
qd mass concentration of dry air kg/kg
Qv mass concentration of water vapor ke /kg

q mass concentration of liquid water kg /kg
qs mass concentration of solid water kg/kg

t time S

u velocity of air flow m/s

wy relative velocity of liquid water to the gas m/s

Ws relative velocity of solid water to the gas m/s
DIFF [z] Diffusion term by turbulene kg/m?3 /s
Sy source term of water vapor kg/m3 /s
S source term of liquid water kg/m3 /s
Ss source term of solid water kg/m3 /s
D pressure N/m?

g gravitational acceraration 9.8 m/s?
fi drag force due to water loading by liquid water kg /m?/s?
fs drag force due to water loading by solid water kg /m?/s?
e, vertical unit vector ( upward ) -

Ry gas constant for dry air for uint mass J/kg

R, gas constant for water vapor for uint mass J/kg

T temperature K

Qq diabatic heating due to physical processes for dry air J/m3/s
Q. diabatic heating due to physical processes for water vapor J/m?/s
Q diabatic heating due to physical processes for liquid water J/m?/s
Qs diabatic heating due to physical processes for solid water ~ J/m?/s
ed internal energy for dry air J/kg

€y internal energy for water vapor J/kg

e internal energy for liquid water J/kg

€s internal energy for solid water J/kg

e total internal energy J/kg

Cod specific heat at constant volume for dry air J/kg/K
Cow specific heat at constant volume for water vapor J/kg/K
Cpd specific heat at constant pressure for dry air J/kg/K
Cpw specific heat at constant pressure for water vapor J/kg/K
a specific heat for liquid water J/kg/K
Cs specific heat for solid water J/kg/K
Poo standard pressure 1000.0 Pa
04 potential temperature for dry air K

0 total potential temperature K
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Appendix D

Variables in the source code

The variables used in the model is listed in the Tables D.1 and D.2.

Table D.1: Variables of the dynamics

DENS (k1))
MOMZ(k,1.j)
MOMX (k,i.j)
MOMY (k,i.j)
RHOT(k,ij)
QTRC(k,i,j,iq)
PRES(k,i,j)
VELZ(k,1j)
VELX (k.i.j)
VELY (k.i.j)
POTT(k,ij)
QDRY (k,i,j)
Rtot(k,i,j)
num_diff(k,i,j)
qftx_hi(k,ij)
qfix_lo(k,i,j)
ajpls(k,ij)
qjmns(k,i,j)
pipls(k,i,j)
pjmns(k,i,j)
1jpls(k,i,)
rjmns(k,i,j)

Pi,j.k
(pw)i,j,k+%
(Pu)i+§,j,k
(pv)i,j+%,k
(P0)ijk
qi,5,k

Pi gk
i,5,k+3
i+3.5,k
Vij+1ik
i,k

qd

R*

Fii1

q igfL

q—low

+
0,5,k

2 g

Qi jk
JF
i3,k

Piik

RT

1,5,k
R; ik
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Table D.2: Variables of the Smagorinsky scheme.

tke(k,1,)) TKE
nu(k,i7j)7 nu**(k7ivj) VsaGs
Ri(k,i,j) Ri
Pr(ki,j) Pr
$33_*(k,i) Sss
S11_%(k,i,j) Sh1
$22_%(k,i,j) Sao
$31_%(k,ij) Ss1
S12_%(k,i.j) Sia
$23_*(k.i,j) Sos
qﬂstgs(kdmj) f_)’rija /_)7';;
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