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Chapter 2

Governing equations

Correnspoinding author : Hirofumi Tomita

2.1 Continuity equations
The continuity equations for each material can be described as the flux form:

9pqa

5t + V- (pgau) = DIFF [¢q4] (2.1)
9pqy

gz +V - (pgou) = S, + DIFF [q,] (2.2)
apq Ipqrwy
W + \% (pqlu) + 0z = Sl + DIFF [ql] (23)
dpgs Ipgsws _

o + V- (pgsu) + 5 Ss + DIFF g, (2.4)

The summation of the mass concentrations should be unit:
G+ q+a+g =1 (2.5)
The source terms of water substances should satisfy the following relation:
Sy +8S1+ 5, =0. (2.6)
The summation of Egs.(2.1)-(2.4) gives the continuity equation of total density:

dp dpqrwr | Ipgsws
+ V- (pu) + 9% + 9%

= —0, (2.7)

For this derivation, we assume that the operator DIFF [] is distributive. Using
Eq.(2.5),

DIFF [q,4] + DIFF [g,] + DIFF [¢;] + DIFF [q.]
= DIFF g4+ qv+q +¢s) =DIFF[1] =0 (2.8)



2.2 Momentum equations

The momentum equations for the gas, liquid, and solid material are described
as

Ip(ga+ qu)u

5 +V-[p(ga+ q)u®u] (2.9)
= —Vp—Ip(ga+aq)g+(fi+[fs)les

+uS, + DIFF (g4 + ¢,)u] (2.10)
Ipgru Opqrawy 3

ot +V'(PQI“®U)+T = —(pqg — fi) e
+usS; + DIFF [gu] (2.11)
dpgsu dpgsuws B

ot +V (pq5u®u) + 0z = (qug fS)ez
+usS, + DIFF [g,u] (2.12)

The pressure is derived from the equation of state as
p=p(gaRa+ qRy) T. (2.13)
The summation of Egs.(2.10)-(2.12) gives the total momentum equation as

Odpu dpqrwy | Opqsws
ot V- (pueu)+ ( 0z * 0z ©z
= —Vp— pge, + DIFF [u] (2.14)

Note that the drag forces by water loading does not appear in Eq.(2.14), because
those term are cancelled out through the summation.

2.3 Thermodynamics equations

The equations of the internal energies are described as

8 eq + vEy
Oolauea ¥ 4u2) | 5. [p(geq + gueuul

ot
= —pV-u+Qq+ Qy+ DIFF [(qq + q,)T™] (2.15)
0 0
pg;el +V - (pgie) + % — Q, + DIFF [¢T*]  (2.16)
8 s a sCsWg *
”gf + V- (pgsesu) + % = Q, + DIFF [¢,T*]  (2.17)

where T™ is some kind of potential temperature, discussed later. The internal
energies are defined as

eq = Cpal (2.18)
€y = CyoT (2.19)
e =T (2.20)
es = csT), (2.21)



The summation of Eqgs.(2.15)-(2.17) gives the following internal energy equa-
tions:

dpe Opqiepw; — Opgsesws
i v Chhed v -
ot TV e+ =y Ve
= Q-+ DIFF[I"] (2.22)
where
€ = qded + quey + qie; + gses, (2.23)

and the total diabatic heating is described as

Q = Qd+Qv+Ql +Qs- (224)

2.4 Conseptual seperation for solving the set of
equations

Egs.(2.2)-(2.4),(2.7),(2.14), and (2.13) with Eq.(2.22) are the complete set of
equations. For solving them easily, we seperate the set of equations conceptually

as
0p _ (99 9
a B ( ot ) dynamics " < ot )physics (225)
* __ n @
¢ B ¢ A < ot )dynamics (226)
" =" + At (8(15) (2.27)
ot physics

The falling proccess of liquid and solid waters, the source and sink process of
water vapor, and the diabatic heating process for energy equations are treated
as physical process, the others are treated as dynamical proccess.

According to this scheme, the dynamical process can be written as

8g§” + V- (pgyu) =0 (2.28)
OU 45 (par) = 0 (2:29)
0 1 (pgo) = 0 (2.30)
% +V.(pu)=0 (2.31)
%u + V- (pu®@u)=—-Vp—pge, (2.32)
%—kV-(peu)—i—pVWl:O (2.33)



On the other hand, the physical processes are as follows:

Gggv — S, + DIFF [g,] (2.34)
Opaw, OPAL _ 5, 4 DIFF [g) (2.35)
8;15 N % = S, + DIFF [g,] (2.36)
% 8p@q;wz 8pgiws —0 (2.37)
55;;1 8pcg:wz + ap‘g;ws = DIFF [u] (2.38)
% apqalzlwl . 8pqusws = Q + DIFF [T*] (2.39)

2.5 Conservation of thermodynamics in the dy-
namical process

Equation (2.33) is not a complete flux form, because the internal energy itself
is not conserved both in the Euler sense and in the Lagrangian sense. In this
section, we consider the conservative quantity for thermodynamics equation.

In the dry atmosphere, the potential temperature for dry air, which is defined
as

p Rd/cpd
0, = T<00> , (2.40)
p

is used as a conserved quantity it is conserved along the Lagrange trajectory
cpd Rq are the specific heats at constant pressure and However, it is no longer
satisfied when the water substances are included.

Sinece Eq.(2.31) is equivallent to

dp
i V-u=0 2.41
g TPV u=0, (2.41)
Equation (2.33) is
de pdp
— —=—=0. 2.42
Pat ~ pdt (2:42)

Dividing by p, this equation can be written as

de d (1
Lt (2) =0 2.4
dt+pdt(p) 0 (243)

Substiting Eq.(2.13) into Eq.(2.43),

dgacyqT d R,T dgyco T d [ qR,T
4dCvd +p{‘]dd]+qc + [q }

dt at | p a Pa | p
dgaT  dgscsT

845G _ 9.44
a " a (2:44)



Since Eqgs.(2.28)-(2.31) give
dga _ dgy _ dq _ dgs _
dt e dt dt ’
Equation (2.44) gives the following form:

[dcvdT d [RdT” [dch d
d + v

a " Pa dt Pt
n de;T n desT 0
qi dt qs dt =

Dividing this equation by T,

Thus,

da | Cpdip g TR Qo porp Par\p)

1dT 1dT

+QZCITE + qSCsTE =0
dinT Rg d 1 dinT R, d

|+ 2 n ()] o [+ 22

dinT dinT
taa—r sCs— = = 0

dlnb, dlnd, dinT dlnT
qdcpdT + qvchT qic di + QsCs di =0
i [1n (ggdcpdgrvzvcvaquqscs)] =0

dt

% [egdcpdegUCpuquCquscs] —0

al

Thus, the following quantity is conserved along the flow trajectory;

__ pn9dCpd png,c qicigsc
© = §lacrd gauere pac e

where 6, is the potential temperature for water vapor, defined as

Ry /cpo
0, = T<p00)
p

The equation of state has the following expression using ©.

where

©

p p

qaRa+qv Ry
— T9acpatqucpvtqicitgscs (pw)

p

*

R
- T (poo) ,
p

4dCpd + GvCpu + qici + gscs
R = Qde + qu'u

* T ¥
|

qaRa qu Ry
T9dCpa (poo) TqvCpo (poo) TUct 4 95

(2.45)

(2.46)

(2.47)

(2.48)
(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)



We define a new potential temperature
R*/cy,
g=0l% = T (poo> (2.59)
p

The pressure expression is derived diagnostically as follows:

R*

p = p(gala+quRy)0 (p> ' (2.60)
Poo
o 1\ =
P = pR'0 <) ’ (2.61)
Poo
OR*\ o
P = Poo (p ) (2.62)
Poo
Note that
g1 de
— =-0Y— =0 (2.63)

dt a dt

Therefore, pf can be employed for the prognostic varaiable!

Figure 2.1(a) gives the vertical profile of the temperature in the U.S.standard
atmosphere and Fig.2.1(b) shows the vetical profiles of /6, under this temper-
ature condition when we assume that g, is mass concentration of water vapor
at the saturation, q; + ¢s gives 0.0, 0.01, 0.02, and 0.04. The differnce between
f and 0, becomes larger with the height and it may not be negligible.

2.6 Diabatic heating in the physical process

If the prognostic variable for thermodynamics is changed from the internal
energy to the newly defined potential temperature 6, the diabatic heating in
Eq.(2.39) should be modified. Through the manupulation from Eq.(2.72) to
Eq.(2.50), Eq.(2.39) without turbulence term can be written as

din® Q

= — 2.64
dt oL ( )
On the other hand, Eq.(2.63) gives
do 1 dln®©
— = _—Qt—= 2.65
dt ¢ dt (2:65)
Substituting Eq.(2.64) into Eq.(2.65),
o 1 B
a9 _ 1 <P> P Q (2.66)
dt ¢ \poo p



2.7 Summary of equations in the dynamical pro-

cess and physical process

2.7.1 The dynamical process

Ipqy B
Ipqy _
5 TV (pau) =0
Ipygs B
ap B
5 +V-(pu)=0
0
%*V'(Pu@)u) = —Vp — pge,
apb
opY (phu) =
5 + V- (pfu) =0
( POR* ) Giaad
P = Poo
Poo
where
C; = {qdCpd + GvCpu +qic + qsCs
R = qde + QURv
2.7.2 The physical process
Ipqy
— S, + DIFF [q,
5 = St (9]
pq Ipqrw;
—_ = — DIFF
5t s S+ [q1]
9pqs Opgsws
- .+ DIFF [q,
Py 5 TS+ (5]
Op _ _ Opqwr _ 9pgsws
ot 0z 0z
dpu dpqruw;  dpgsuw
—_ = — — DIFF
ot 0z 0z + [v]

*

o~ e \po o2

10

opf 1 (p % _ Opgierwr dpgsesws
0z

(2.67)
(2.68)
(2.69)
(2.70)
(2.71)

(2.72)

(2.73)

(2.76)
(2.77)
(2.78)
(2.79)

(2.80)

+ DIFF [0] (2.81)
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Chapter 3

Descretization of the
dynamics

Corresponding author : Hirofumi Tomita

3.1 Time integration method

For the time integration of Egs.(2.70)-(2.72), we adopt the full explicit scheme
with the p-th order Runge-Kutta scheme.

¢ = ¢' (3.1)
0o\ " At
r=0 — | — 2
si—o+ (%) 3 (32
0p\" At
*x gt s
¢2—¢+(at)1p_1 (3.3)
A
e At 4
¢p ="+ <8t)p_1 (3.4)
P =g (35)
where (%)Z is the estimated time tendency by using ¢;. Usually, we use
p=2,3 and 4.

3.2 Spatial descretization

We employ the Arakawa-C staggered grid with the 3-dimensional momentum
(pu, pv, pw), density (p) and mass-weighted potentail temperature(pf) as the
prognostic variables. Figure 3.1(a) shows the structure of the control volume for
the mass, indicating the location of each of prognostic variables. Conceptually,
we use the 4th order central difference scheme for the advection or convection
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terms and the 2nd order central difference scheme for the other terms. Before
the descretization of differential equations, we should diagnose several quantities
from the prognostic variables.

Full-level pressure and potential temperature

*

P
0) ;xR 5
Pi,j,k = Poo [%} (3.6)
0);. ;
01 = ik (37)
Pi.j.k
(3.8)
Half-level density
_ Pi+1,5,k T Pijk
iy = LEELER T PLsk (3.9)
_ Pij4+1,k T Pijk
Pij+ik = e 2 ! (3.10)
B 10,7,716_’_14_/),7 ik
Pijk+i = % (3.11)
Half-level velocity
(PU)iJrl gk
Tops ., = gk (3.12)
i+5,4:k pi+%,j,k
(pv); J+3.k
Uy i1 = ——— 2 (3.13)
J+ 3, pi7j+%7k
_ (Pw); et
Wi jk+d = — (3.14)
Pigk+1
Full-level velocity
(PW)igs i+ (PWisy
Ui = *2”;/) 22k (3.15)
1,5,k
(PV)i g1 n + (PV); -1
Vi = Lﬁz;p — (3.16)
i,k
(pw); jrt 1 + (pw); k1
Wi jk = ’ 22,0- ” S (3.17)
7,
3.2.1 Continuity equation
(8;)) L (p)ig 1 s — (PU)i 1 sk
ot ik Ax
_ (Im})i,j+%,k - (Im})i,j—%,k
Ay
_ (Pw)i,j,m% - (pw)iﬁj,kfé (3.18)
Az '

13



3.2.2 Momentum equations

Figure 3.1(a) shows the structure of the control volume for the momentum in
the x direction. The momentum equation is descretized as

((9pu> = — () 1,5 ki1, = (PU); 5 Wik
ot i+d .5k B Az
_@H%’H;k@%’ﬁ%vk - wﬂréﬂ'*%’k@*%’j—%’k
Ay
_@H%vj}k%wﬂé%k% _@”%J’k*%wi*%’j’k*%
Az
_W (3.19)
where
(pu); ;1
- —(pw)irg g + T gy + T(ow)s 1 s — (PU)ig ik (3.20)
12
mz'+%,j+%,k
_ —(PWiy 1 jron + 70wy e + 7(PW)ig 1 5k — ('Ou)H%’jfl’k(S.Zl)

12

(pu)i-&-%,j,k—k%

=Pt 1 ke T TP iyt s +T(ou)iyp 1 55 — (pu)z#%,j,kflfs 29)
B 12 e

and the velocities at the cell wall for the staggered control volume to x direction
are defined as

Uit gk T Witk

Ui jk = 5 (3.23)
Vig+ik T Vit1i4+4k

Vit dj+ie = = 5 — (3.24)
_ o Wit T Wiy

Wit lk+l = D) (3.25)

In this form, the 4th order accuracy is guaranteed on the condition of the con-
stant velocity.
The momentum equations in the y and z directions are descretized in the
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same way:

<8pv> L (Pv)i+%,j+%,kﬂi+%,j+é,k - (Pv)i_%,j.ké,kﬂ;%,ﬁ;k
Ot /gt Az
(PV); j1 xVig+1.k — (V) j 1 Digik
Ay
B (PV)i 3 hr 1 Tiga b bt d = (PU)i i o1 v
Az
Pij+1,k — Pijk 3.96
- Ay i ( N )
(3P”UJ> ()i e 3 Tty gk — (P0)ic g e 1 Tim g ik
Ot Jijkrs Az

(pw)i,j+%,k+%wi,j+%,k+% - (pw)i,jfé,kjtéwi,jf%,lwé

Ay
B (PW); j g1 Wi g1 — (PW); kWi gk
Az
Dijk+1 —Pij k. —
—# ~ Pijk+19 (3:27)
3.2.3 Energy equation
dpb o (pwigg i g gk = (pwim s biog ik
ot ik Ax
B (pv)i,j+%,k§i,j+%,k - (pv)i,jfé,kgi,jfé,k
Ay
()i 3 ks — (P0)i 1850
Az
(3.28)
where
= —Oitojk + T0iv150 + 70k — Oiz1jk
9i+§,j,k = 12 (3.29)
5 —Oi g2k + T0i 416+ T0i e — Oij—1k
O p1 s = - (3.30)
5 —0i g k2 + 05 j k1 + 7006 — 0i k1

3.2.4 Tracer advection

The tracer advection process is done after the time integration of the dynamical
variables (p, pu, pv, pw, and pf). We impose two constraints to tracer advection:

Counsistency With Continuity ( CWC ) On the condition without any source/sink,
the mass concentration in the advection process should be conserved along
the trajectory. It is, at least, necessary that the spatially constant mass

15



concentration should be kept in any motion of fluid. In order to satisfy
this condition, we use the same mass flux at the last Runge-Kutta process
of Egs.() and () for integration of tracers:

(PQ) i, k — (pq); gk (PU)H%J,MH%,;‘,/@ (Pu)sz,g k9i—1 5k
At N Az
B (PV)i g4 2 ki3 ke = (P0)i i3 ki g— 1k
Ay
3 (PW)i kg 3 eyt — (PW)i j k1T j 13
Az
(3.32)

Monotonicity In order to satisfy the monotonicity of tracer advection, we
employ the Flux Corrected Trasport scheme, which is a hybrid scheme
with the 4th order central difference scheme and 1st order upwind scheme.
If The 4th order central difference is applied, G is descritized as

ik _ ez + 7qiv15k + 7G4k — Gi-1,4k (3.33)
Z+§1]7k 12
_nigh _ —Qig+2k + 141k + T4k — Gij—1,k
Bjvie = 12 (3.54)
_high _ —Qigk+2 T TG a1 + 156 — Qigk—1
an | = L . (3.35)

On the other hand, in the 1st order upwind scheme § is described as

7low _ 1,5,k ( pu)z+2,J,k > 0) (336)
Gt gi+1,5k (otherwise)
7low _ N (( )z j+ k > O) (3 37)
Ttk ij+1,k  (otherwise)
7low qw k pu)z s k:+1 > O) (3 38)
Gijkty = ¢ijk+1 (otherwise)
The actual § is described as
= ] - C. —high 1-C. ] —low (3 39)
Titdjk = CirdikQy T i+ gk ) itk gk .
— _ —high —1
Gtk = Cigranljiie™t (1 - Ci,j+%7k) Tjhap  (340)
_ _high —
Qijk+s = Ci,j,kJr 4, ;ngrl + (1 - Ci,j,kJr%) qi(’)ﬁkJr% (3.41)

See the appedix for the method to determine the flux limter.

3.3 boundary condition

The boundary condition only for the vertical velocity at the top and bottom
boundaries is needed:

Wi j kpoptd =0 (3.42)
Wi jomin—1 = 0 (3.43)
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This leads to the boundary condition of the prognostic variable as

(Pw)i,j,kmaﬁé
(Pw)i,j,kmm—%

=0 (3.44)
=0

3.4 Numerical filters

In the dynamics exept for the tracer advection, we can consider two ways to
stabilize the calculation conceptually.

1. We impose no explicit numerical filter. The numerical stability can be
achieved by aid of tiny portion of turbulence scheme.

2. We impose tiny explicit numerical filter by the numerical viscousity or
diffusion. In order to damp the higher wavenumber component selectively,
we adapt the super-viscousty or diffusion as the traditional way.

In this section, we formulate the latter case. The Laplacian of an arbitray
prognostic valuable f(€ p,u,v,w,0) is descritized as

1 1 1 1 1

Af): = il — | i i 4

(Af) Az, {Am lf+1 (Am A +A:p.1>f +Az;lf 1] (3.46)
it3 i+3 L) T2

The super-diffusion can be descritezed as

0 { 8Af}

|2l =

oz oz

1

Ax;

VigdPitl { 1 1 1 1 1
five = | — + fixr +—fi
Axi+% Az AwiJr% AmiJr% AmiJr% AIEZ.+%
1 1 1 1 1
- ~—fit1— + Jit ——fi
Az, |:Aajl+% it Azi+% Azi7% v A%,% i

ViolPi_1 1 1 1 1 1
2 2
Aaci 1 {Al‘l |:A£E,L % i+l (AJ}Z % Ax. 1 ) fL Aml % ‘ 1:|

2
1 1 1 1 1
T Az |:A1’i_1 fi- (Aaci_1 + Aa:i_3> fiort Az, 3 fl2:| }
2 2

2 2
] (3.47)
In Eq.(), the numerical diffiusion flux can be written as
Vit 1Pt 1 1 1 1 1
F, = S— i+2 — + 1+ ——Fi
'Hr% A:E_Hr% A{L’Z‘+1 AmiJr% fit2 AwH% Ath% ! +1 szqr% f
1 1 1 1 1
e {Angl fit1 — (A%Jrl + Awil> fi+ Av, fi—1:| }
2 2 2 2

(3.48)
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The coefficient v is determined by

Azt
i+ 5
Vigd =7 At2 (3.49)

where the « is non-dimensional coefficient and it should satisfy that

1
1< 15 (3.50)

for the numerical stability of numerical filter itself. If Eq.() is rewritten by using
Eq.(),

D=

0 { 8Af} _ By - Fi (3.51)

oz ve ox Ax;

In this numerical diffusion process, we can consider that the advective flux is
modified as

(Puf)L% = (puf)iys + Fiy1 (3.52)

where the first term of R.H.S. is the flux by the advection scheme. In this
dynamics, it is the 4th order central difference scheme. This concept is very
important for the CWC condition in the continuity equation. The mass flux
in the tracer advection should be used as this formulation, otherwize the CWC
condition is violated.

The numerical diffusion in the y and z directions are formulated in the same
way.
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(a) Control volume for the mass

: k (z dir))

(b) Control volume for the momentum
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Figure 3.1:
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Chapter 4

Terrain-following
Coordinates

Corresponding author : Hisashi Yashiro

4.1 Geometry and Definitions

We introduce a terrain following coordinate system with a new vertical coor-
dinate £. &-coordinate system is not deformable system. We use the relation
between z and & as

_ Ztoa(z - Zsfc)7 (41)
Ztoa — Rsfc

Where 20, is the top of the model domain and z,¢. is the surface height, which

depends on the horizontal location.

The metrics are defined as

0z

G: = e (4.2)
=), =5 =
Jgs = (gi)Z = —jzz (4.4)
=G = (45)
where
7= (5:). (1.6
Ty = (g;)g (4.7)
J =G3 (4.8)



If we use the Eqgs.(4.1)-(4.5), we obtain following equations:

1 oGz ¢ 0J5.G2 g | oGz 0J5.G2 ¢
Give = ( oz ) o |t < oy ) e | ®
0J5,Gh |
T €z, (4.9)
. oG oG IG3 ¢
G2V.(¢u)=< 8;5“) +< afv) + a§¢€ (4.10)
3 £

where {é,,é,, é.} are unit vectors in Cartesian coordinate, and f is the vertical
velocity component in the terrain following coordinate, giving by

. d
¢ zdé = JSu+ J5v + J5yw. (4.11)

4.2 Summary of modified equations in the dy-
namical process

Prognostic variables by multiplying G 3 are defined as

(PQu)ijk = Gij7k(p%1)i,j,ka (4.12)
(PQ0)ije = G, (P (4.13)
(PQs)i gk = Gij7k(pQS)i,j,ka (4.14)
Rijw = GZ, pigik (4.15)
(PU)ig1 = G§+%7j,k(PU>i+%,j,ka (4.16)
(OV)igiyse =Gy 1 (P0)igiy (4.17)
(W) jass = G2y (00D g (4.18)
(PO)ijh = Gi%,j,k(pe)i,j7k7 (4.19)
Poji = G2, \pijh (4.20)

Eqs.(2.67)-(2.72) are modified using Egs.(4.9)-(4.11),
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0pQ, 0
o T o, (PQuuj) =0,
opQ 0
o T 9z, (pQuuy) =0,
0pQs 0
at + 6733] (pQSuJ) - Oa
OR D
ot " ou, (Ruj;) =0,
opU 8 _ oP dJ5, P
o o, PUw) (83})5 o¢
0V | 0 P\ 0J5P
ot Oz J oy )¢ o¢
opW 9 dJE, P
ot T, W)= TR
op0
W + 87% (p@uj) =0,

(4.21)
(4.22)
(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

where Einstein summation has been used to implicitly sum over repeated indices,

and (1'1,$2,x3) = (xayvg)v (Ul,'LLQ,Ug) = (U,’U,g).

4.3 Spatial descretization
4.3.1 Continuity equation

(@)
ot )ik

(pU)iJr%,j,k - (pU)ifé,j,k
Az

(pv)i,j+%,k - (pV)i,jf

Ay

1
3,k

+

z

x

z

1
2

n (J1£3)i,j,k+%(pU> igk+i T (JlgS)i,j,kfé(pU) iy k—

A

yZ

ig.k+3 (J2€3)i,j,k7% (V)

Y

ij ke~

1
2

n (J2£3)i,j,k+%(pv)
Ag

" (J§3)i,j,k+%(pw)i,j,k+% - (J§3)i,j,k+%(pw)i,j,k7%

A
where
(pu). (o),
57 1 PU); g1+ (PU); ik
(pU) igk+t = Giz,jykJr% 2 ’
. (P01 5 a1 + (p0);
— 1 PV)ijkt1 T PV ik
(pV) igk+t = Giz,jykﬂL% 2 7

(,OAJ);LJk and (p’\vl)fjk are obtained by same manner in eq.(3.20)
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(4.30)
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4.3.2 Momentum equations

(5) "
9 )i

— —
(PU)i+1,j,kﬂi+l,j,k - (pU>i,j,kUi,j7k
Ax

—y —y

(PU)H%J%,M%,ﬁ;k B (pU)i+%,j—%,k@+é,j—%,k

+ Ay
3 i =2 3 i =z
(J13)i+%7j,lc+%(pU)i+%,j,k+%ui+%,j,k+% - (J13)i+%,j,k7%(pU)i+%,j,k7%ui+%,j,k7%
Ag
z JR——1 z J—
(J2§3)i+%,j,k+%(pU)'LJ,-%,j,k-&-%ﬁyj—i%,j,k—i-% - (ngs)wé,j,kf%(PU)Z‘JF%,J',;C_%WZ%J,/C—%
A
€ z = 3 = =
(J33)i+%,j,k+%(pU)i+%,j,k+%wi+%,j,k+% - (J33)i+%,j,k—%(PU)H%,J‘,M%“}H%,]',J@—%
Ag
n Piv1j6 — Pijk
Az
(J1£3)i+%,j,k+%Pfi%,j,k+% - (Jlgs)iJr%,j,kf%Pfj%,j,kf%

Ag ’
(4.32)
where (Zﬁ);’k, (;\lf)f+%,j+%,k and (;\U/);%JJH% is obtained according to
the method of eq(3.20)-(3.22). The velocities at the cell wall for the staggered

control volume to x direction are defined by eq(3.23)-(3.25). @ and T7  are
defined as

—2 _ Uit g gkt Ui Lk 433

Wit jkt+d = 9 ’ (4.33)
—y —y —y —y

=52 Uikt Uk T 051 T Vi 4.34

Vot L k+1i = 4 ‘ (4.34)

P*" is defined as

e —ar Pi+1,4k+1 T Pit1,4k T Pijk+1 + Pijk
i3kt T ikl ikt 4 :

(4.35)

The momentum equations in the y and z directions are descretized in the
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same way:

— T

(OV)ig g1 1 Titd g3k

—(PV)iss i nTi-g ik

opV
ot

>i7j+;,k

Yy
(PV); i1 4 Vig+1k —

Az

—y
(pV)i7j7kvi,j,k

_|_

n (J13)”+ A3 (PV)

Ay

z

—z Yz

a]+27k+éu ,J+21k+2 (J13)13+27k_7(pv) LU

ij+5.k—3%

yZ
ij+3.k—3

(J2€3)i,j+%,k+% (pv)i,j+%,k+%5iz,j+%,k+%

Ag

z

z

=z
- (J§3)i,j+%7k7% (pv>i,j+%,kfévi,j+%7k7%

(J§3)i,j+%,k+ (hV); ,]+2,k+27

Ag
- (‘]§3)i,j+%,k

J+5.k+ 5

y
(oY), i+t k=3 Wi+l kL

_|_

¢
(J53)ije 2 2 Pyt prn

Pk —

Ag
Pijk
Ay
(J2£3)i,j+%,k éP’L‘]+ kf—

A

_|_

Ax

(pW)1]+ e+ % l]+%,k‘+%_

— 2z
(J33)ijk st (PW); s T o —
Ag

(‘]13) 4], k(pW)z s kul Jik

— z
(Jzég)i,j,kﬂ(PW)i,j,kH@y,j,kﬂ
Ag

- (J2£3)i7]7 (pW)z I k: 2,] k

z
(J53)ig b1 (PW); sk @5 k1 —
A

— (J53)i gk Pk

(J33) 1., k<PW>z Gk ,JJC

(55441 Pi o1

A (4.37)
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4.3.3 Energy equation

().
ot ).

i—3 ki1 5k

(pU)i—‘r%,j,kgi—‘r%,j,k —(pU)
Ax

(PV)i sz b1 e — PV )i
Ay

(pU) z’,j,k—%gi,j,kf%

—— =~ _
(J1§3)i,j,k+%(pU) i,j,k+%0i,j,k+% - (JfS)i,j,kfé
Ag
¢ 7 3 ¢ VY. 7
(J23)i,j,k+%(pv) i7j7k+%9i,j,k+% - (J23)i,j,k7%(pv) i,j,k—égi,j,kfé
A¢

(J§3)i,j,k+% (pW)i,j,k+%§i,j,k+% (J§3)i,j,k+% (pW)i,j,kfééi,j,kfé

Ag
(4.38)

where @#%’j’k, gi,ﬁ%_k and ?i’j,,ﬁé are obtained according to the method of

eq(3.29)-(3.31).
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Chapter 5

Map factor

Corresponding author : Seiya Nishizawa

5.1 Coordinate transform

A orthogonal rectangular coordinate (z,y,z). A orthogonal curvilinear coordi-

nate (&, 7, ().
The transform is defined by
ox . y .. 0z
= 5-€zx ac ~-~€z; 5.1
65 age +a£ey+3€e ( )
ox . y .. 0z
= 5 €z a_ a €z 5.2
e, ane +8ney+ane (5.2)
ox . y .. 0z
e = a—cex + 8—Cey + a—cez. (5.3)
Reverse transform is
. 0¢ dn ¢
o =5 e + 2267 + 926 (5.4)
. On an ¢
€, ayeg + By e, + By ec, (5.5)
. OC n ¢
ez—a §+$En+%e< (56)

k
The Jacobian matrix is { gii }.

The reverse transform after the transform of the transform after the reverse
transform make a vector to the original vector;

ok ozt
o1t 8§l - 617 (57)
ozt ogx
6% 907 = 0 (5:8)

where index which appares upper and lower suffix in a single term implies sum-
mation of the term over set 1,2, 3 (Einstein notation).
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Spatial parial derivative is tranformed with the Jacobian matrix (covariant
transform);

1o} ozt 0
3¢k~ 0k Dt (5.9)
o otk 9

927~ Dat 2% (5.10)

Velocity is transformed with the inverse of the Jacobian matrix (cotravariant
transform);

agk .
der = >-da’ 11
¢ =2, (5.11)
i 0a'
dz' = 8§kd§ . (5.12)
The metric tensor, g; is defined by
oo = (9T (2
gkl = € - € = 06 i ¢, j
Ozt Ozt
96 06 (513)

For orthogonal curvilinear coordinates, the matrix gy; is diagonal. Metric
factor, hy is defined as

i\ 2

ox*
hi = gix = ( ) : 5.14
k = 9kk ; &, ( )

Here we define the matrix, E¢ is
_ oz’ _
E:=(eceyec) H 1:aEx-{a£k}-II L (5.15)
where F, = (&, &, é.), and

hy 0 O
H=|( 0 hy, 0 |. (5.16)

0 0 hg

The vector hl—kek is unit vector and orthogonal each other, so the inverse of the
E¢is EY.
oz’ N\ oz’ N\
3 -1 _y foa ! T
H'{axk}'E’c =H oy P
¢! L (0T
= 12!\ ET.E,
(e} - {5} =
Oz*
=H?. 4 1
t (47
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That is )
¢k _ 1o
oxt hi ogk”

5.2 (Governing equations

5.2.1 Continuous equiation

Divergence of pu is

o . 0k 9 [ a
oz P17) = 5 e (p D! d5>

ock oxt 0
— S g g e + e

lagk o2t
ozt DEkRHE
0 k 0t 9%t
= @(Pdg ) + Z @Pdf aek W

A
3€k (pde®) *Zw o (ask)

- erloie AP a1 gt

(pde®) +Z pdfl—ln h2

0
ook gl

d
= a—gk(pdf + pdfka—gk In( th

_, 0 _
= {J agk(pd§)+pd£k3€k 1}

0
= J o (J7 ' pde"
where J is the Jacobian of the Jacobian matrix and

1
J =

I L b '
The continuous equation is
8p 0 pdek
— 4+ J—= =0.
¢ o g

5.2.2 Momentum equation

OpdeFr B OE* Opdat
ot ozt ot
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(5.18)

(5.19)

(5.20)

(5.21)

(5.22)



Advection term

o&* dpdxtdr?

; 0dx?

)

5‘1:

v oI
o€ "
6§7TL i

5‘5 ko Ox

<8€ 5)
QeFQ

)5

™ 9

oxI 9gm

dx7 dden

<w¢

)

0227

— é-l gka§m<

oxt  OxJ
k i
06 (dxj apda'c
oxJ
ogm 0
oz aem \P
k
)+ pIEE S
2.0 }
adg™
k
pd§ aem

~ o
(3333 €>
ox’
(pd€™) + pdgn 22
+ ot %
8 k 1 m
97t pdetde! + pdeldem T,

Bfl
0%t
k

(" de!) + o
6£k 62 i
Ozt OELPE™

_ 9
= 8

9
— J{J 1851 (pde®dety + pdek d§

pde! dg" 3

_oek
D!
ok 9
G
OElgen
ock
o8 } + pdetde™
85

- 0t
— qel i
= d Ozt ¢!
8§k oz' 0
8£n 8£l
0%t
k l g¢n
(pd&®) + pdg'dg o ‘aglagn
oEk 9227
8885"
where I is the Christoffel symbols of the second kind, and
afk asz’
Ozt 9ELoE™
Ymn
= 1 —O0km + h O
km e ogm Kl —

J-1
k
ot
where {gF"} is inverse matrix of {gs,}-

Im —

aglm
o
Ohy,

agln B
ogm

_1kn

2l
LT

ﬁhl
85’“

6lm> b

Coriolis term

k
ai.eijpfjpd;vp = eklm
x’L

flagm,

hkhlh
where € is the Levi-Civita symbol, and
. o¢!
l J
Fr=ou7"

Pressure gradient term
_ ot (o op
Ozt \ Ozt O€!
_1ocod op
 h2 Otk Ozt O€!
_Lop

12 9eF

a&k op
ozt Ozt
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g

+dg"

8%z7

D PEMOET

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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After all, momentum equation is

8 0 N
d J J—ldkdl dld ka klm ldm
¢~ + 851( pd€"de’) + pde'dg™ Ty, + € o d P
1 Op pagk
__ -9 = 5.28
12 ger P9 g (5.28)
5.3 Map factor
We introduce Map factor m,n.
1
LatE_ g (5.29)
m a
1
1AFE g, (5.30)
n a
1= hg, (5.31)
where is a is radius of the planet. Assuming shallow atmospher
m=hit, 5.32
n=hy"'. 5.33
Normalized velocity is defined as
. df 1d¢
= prm— - . 4
= = (5.34)
. dn _ 1dn
= ho = .
VTR T nde (5:35)
. dC dg
w S = 0 (5.36)
The continuous equation becomes
0 pi apv 0
—— —— + —=pw=0 5.37
Gt "ot n T ™o m Tk (5.37)
The momentum equations are
dpi” a puak a9 ppia* 0
ot tm 8§ n +mn8777 m 87Cwu
+mm ik gi +nm vukgi
kP 9E my, kP an ma
— mmy,pti? 2 9 — — nmyp0 ilJre]‘M”mfl '
kP (‘3§k kP afk 1P
Op
= mkaigk + pgégk. (538)
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This equation may also be written as

0 0 0 0
opu | o Opuu Opw O

ot o8 n an m aC

0 (1 0 (1 B Op
— fpv —mnpv {Uag (n) —u% (m)} = _ma?’

+f + 2 l _ g l [ @
pU mnpu 1}85 n ua77 m = nan,

opw O Oprw O =P
ot € n o m actt T Tac Y
The thermodynamical and tracer equations

dpg L 0 pud d pdp  Opwd
— +mn —— =

ot % n T "anm o %
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Chapter 6

Horizontal explicit virtical

implicit

Corresponding author

Seiya Nishizawa

6.1 Equations

_ 8J33G%pw

0G2p 1
= G2S 6.1
at ag + P ( )
8G%pw 8J33G%p 1 1
_ el 2 2
8G%p0 - (()\'JggG%pwe %
= S L Ghs (6.3)
cp/co
RpO\ ™
p = Poo <Poo > , (6.4)
where
1 1 Jpu 1 Jpv
G2S,=-QG=? — G2
r Ox Oy
B 8G§pu B G2 pv 8J13G%pu—|— JggGépv (65)
Ox* oy* o€ ’ '
1 1 Qupw 1 dvpw 1 dwpw
G2S,,=—-G= — Gz — G2
r Oz Oy 0z
0Grupw  OGzvpw O
= Baz*p — By*p - a—g(JlgGﬂpr + J23G2va + J33G2wpw)
(6.6)
1 Oupb 1 OQupl
G2S, = —G2 — Gz
9= Oz Oy
0G3upl)  9G2vph  0J13GEupb + JosGEuph 6.7)
B Ox* oy* o€ ’ ’
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6.2 Descritization

For the temporal discritization, backward temporal integrations are employed
for the terms related to acoustic wave in vertical direction.

n+l _ n 1 a 1 N N
% = *Gfga*{J:BGQ (pw)" ™1} + 57, (6.8)
n+1
pw — (pw 1 0 n n n
( ) At ( ) -G~ 2 5&<J33G2p +1) gp i + Spwv (69)
et A N (6.10)
At cn (p9) ot’ '
8p9 -5 n n+1

Note that the potential temperature at previous step, 8", is used.
Eliminating p"*1, (pf)" !, and p"*!, the Helmholtz equation for (pw)"*! is
obtained:

At2g At? 9 Pt 9J53G 20" (pw)n
n+l J G J p
(o)™ =51 g V@ el = o e \ P oy ¢
At 8 AtC p9
= " — — Atg(p™ + AtST) + AtS” .
(6.12)
Vertical differencials are discritized as follows:
n AtQQ 1 n
(Pw)kﬂ/g T {&7336:2 (pw)k::__;/g — J33G2 (Pw)kﬂ/g}
(A2k+1 + Azk)GkJrl/z
3 At? {<J33 CpD ) J33G% (pw) k1372051372 — J33G 2 (pw)g 11 /205112
Azk+1/2Glf+1/2 P/ ki Az
Cpp J33G'2 (pw)k+1/2ék+l/2 - J33G%(pw)k71/2ék71/2
— | J33
cypbl Az,
= (Pw)ZH/z

A . A ) A
- —t; {J33G2pk+1 (1 + W) — J33GZpy (1 + tcl’SP@) }
k+1 k

Azpi1/2Griy o cpl cpl
Atg
(p+ AtS,)k41 + (p+ ALS,) i} + AtS,y, (6.13)
where )
9k+1/2 = B (*9k+2 + T0k+1 + 70, — ak—l) . (6.14)
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Finally we obtained

1 0),
_ : {AZ+3/2 Ak+1 + Bk+1/2} (pw)z_—:__ém (6.15)
Gk+1/2 k+1/2
0
+{1+ EE o (Apgr + Ax) p (o) (6.16)
AZ1€+1/2Gk2;+1/2
1 ék7 n
_ % {AZ 1/2 Ak — Bk+1/2} (p’l,U)kii'/2 (617)
Gk+1/2 k+1/2
= Ck+1/2; (618)
where
At2J33G% Cpp
A = Jg5—L 6.19
o= S () (6.19)
At2gJ53G2
B = —J7o0 2
k+1/2 Acpos + Azp’ (6.20)

Cry1/2 = (pw)Z+1/2

TG prit (1 + Aztm)k+1 — J33G2py, (1 + AtLSPe)k

At S —
Azpr1/2G )0
 ArgP Ak + (0 + ALS) S (6.21)

2
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Chapter 7

Horizontally and virtically
implicit

Corresponding author : Seiya Nishizawa

7.1 Equations
The governing equation is the followings:

1

0Gzp/ B 78G%pu B Gz pv B 0J33G2 pw

ai o oy oc o
BG;tpu = _ag:;p’ + G328,
aG;t”“ — _ag;;*p L Gis,.,
86:;;)0 _ _8(;5;/)9 B 86;21:;)0 B BJggggpr . G%Spa,
p = Poo (1;3';0)%/% ;
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where

Gis, = - 8‘]13@”“82 ngG%p”7 (7.7)
G%Spu =— acj;;:pu — (9Cj;:pu aaf(JlgG?upu + J23G2vpu + J33G2 wpu)
- (%(JBG%Z?'% (7.8)
G%Spv =— 86;;:/)1} — 8Ggfyzipv aag(JlgGMva + J23G2 vpv + J33G2wpv)
- (%(J%G%p'x (7.9)
GES,y = — 8G;;p v aG;ylip = aaf(JlgG Supw + JasGEvpw + JasGEwpw),
(7.10)
i,y =  9J13G2uph + JggGéva. (7.11)

23

Prime describes deviation from a reference state, and the reference state depends
only z and satisfies in hydrostatic barance:

p =p—Dp 7.12
p'=p—p, (7.13)
W) _ . (7.14)

7.2 Descritization

For the temporal discritization, backward temporal integrations are employed
for the terms related to acoustic wave.

/m—+1 m

&—g}ﬂfz_G‘%a Hpu)t ) =GR AGE () )
—G 2—{J33G (pw)™ ™} + 57, (7.15)
(pu)nﬂAt_ (pu)" o (Gf 1y sn, (7.16)
o= -4 aa* (G + 53, (717)
e o (aaGhp™ ) — g 4 (718)
O G (G )} - G (G o))

~G3 —{Jggaz 0" (pw)" Y + (7.20)

n
P>
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where k = ¢,/c,. Note that the potential temperature at previous step, 6", is
used.

In order to obtain Helmholtz equation, a linearlized equation for the density
is used instead of Eq. 7.15.

Lp"
m+1 / m-+1 /
pn ~ pn + K/n { n pn} . (721)

Here we assume that the potential temperature does not change during a tem-
poral step due to acoustic wave.

Eliminating (pu)”*, (pv)" 1 (pw)?*t,, and p™*!, the Helmholtz equation
for p'*! is obtained.

1 m+1 1 m+1 1 m+1
0 enGG P . 0 enaG P 8 Tas enangG P
ox* or* oy* dy* 85 193

b (JSSGéenp/n-i-l) B G%an/n-i-l

95 con ARC

1 [aGEem {(pu)” + ALS u} AGEO™ {(pv)" + AtST Y 9J53GEO™ { (pw)™ + ALSE, )
= At 6$* oy + ag
9 | J3Gzompm soa|  GES,  GRO"pT
+ 98§ { con J33G2(p'0)" b + At AR (7.22)
where
c? = kL. 7.23
; (7.23)

37



Spatial differentials are descritized.

L é (G%p/n+1)i+1 _ G%p/nJrl _a G%p/nJrl _ (G%p/nJrl)i_l
Az, i+1/2 AZii1)2 i—1/2 Azi 12
L 1 é L (G%p/n+l)j+1 _ G%p/n—&-l B é 1 2G%p/n+l _ (G%p/n—i-l)j_l
Ay; J+1/ Y12 i-1/ 0Y; 12
1 m+1 1 m41 1 m+41 1 m+1
n 1 (Ts)isrjolis o J3sGrply — JasGEp™ T (ss)e /012 J33G2p™ T — J33Grp™
Azk AZk+1/2 Azk'—l/Q
T 1 JssGEOPP JasGRroprt | Ghgp
Apyry2 + Azg_qyo CZein c? At2C?

1| Glyygolivrse {(0wivaye + AUSp)ivryo} = G2y jofimajo {(pu)imryo + At(Spu)i—1/2}

+ G?+1/2éj+1/2 {(Pv)j+1/2 + At(Spv)jJrl/Z} - Gf_l/ﬁj,l/g {(pv)j,l/z + At’SpU)jfl/z}
Ay,
+J33G%9k+1/2 {(pw>k+1/2 + At(spw)k+1/2} - J33G%9k71/2 {(pw)k71/2 —+ At(Sp’w)kfl/Z}
Azk
1 J3aG2Opr JssGEop | N
- — J33G2{(p'0 —(p'0)i—
+gAZk+1/2+AZk—1/2 { CZein cy 33G2{(P )1 = (0'0)i—1}
G3S, G2op™
T AL T AcE (7.24)
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Chapter 8

The physical
parameterization

8.1 Turbulence

Correnspoinding author : Seiya Nishizawa

8.1.1 Spatial filter

The governing eugations are the followings:

Op | uip _

= 1
Opu; | Oujpu;  Op ‘
Opf  Ouipfd
o + B, =@ (8.3)

Spatial filtering the continuity equation yields

o , oup _

9 Bz 0, (8.4)

where ¢ means the spatial filtered quantity of an arbitrary variable ¢. The
Favre filtering (Favre, 1983) defined by

> pd
=2 8.5
v=5 (8.5)
makes the equation (8.4)
dp | Ou;p
i 0 (8.6)
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The momentam equations become

dpu;  Oujpu;  Op | _

ot " Tow, © om P90 (87)
dpu;  Oujpu;  Op | _ 9

ot oz = T on + gpdis o (wipt; — u;pus) (8.8)
opu; Oujpu;  Op | _ o0 _,

ot dx; = or, + gpdis oz, P (wit; — ujt;) . (8.9)

As the same matter, the thermal equation becomes

ol duiph ) (0 - 2d)

BN + iy —Q—%p u;0 — u;f (8.10)

Then, the govering equations for the prognositic variables (p, pu;, and ﬁg)
are

op | diip _

g — 11
8t 0x2 0’ (8 )
dpu; | Oujpu; o |, _ IpTij

- Si5 — , 8.12
ot 8Ij 89@ + §poi 817]‘ ( )

opf  duiph oprP
o T o 9 e (8.13)

where

Tij = UiUj — U;Uj, (8.14)
o (8.15)

Hereafter, we omite overline and tilde representing spatial and the Favre
filters.

8.1.2 SGS model
Smagorinsky-Lilly model

The eddy momentum flux is

1 1
Tij — ngk&'j = —2vsgs (Sij — 3Skk5ij> , (8.16)

where S;; is the strain tensor,

- 1 [“)uz 6’LLJ'
Sij a 5 (8.13] + axz) ’ (817)
and
vsas = (CsA)? 8] (8.18)

Cs is the Smagorinsky constant, X is a characteristic SGS length scale, and |S]

is scale of the tensor S,
|S| = 1/25:;Si;. (8.19)
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Then the eddy momentum flux is

1 2
Tij = —2UsGs (Sij - 3Slck5ij) + gTKE(Sij, (8.20)
where
1 vsas \’
TKE = -1y = : 21
= (2) (821

where C}, is a SGS constant and assumed to be 0.1 by following Deardorff (1980)
and Moeng and Wyngaard (1988).
The eddy heat flux is

00
D
Z=-D — 8.22
T SGS G (8.22)
where 1
D = — . 8.23
SGS = pVsGS (8.23)

Pr is the turbulent Prandtl number. For the other scalar constants such as
water vaper, Dggg is also used as their diffusivity.

To include buoyancy effects, the extension of the basic Smagorinsky devel-
oped by Brown et al. (1994) is used.

vsas = (CsA)?|S[\/1 — Rf, (8.24)

where Rf is the flux Richardson number (Rf = Ri/Pr). Ri is the local (point-
wise) gradient Richardson number,

. N?
and N? is the Brunt-Visala frequency,
g 00
N2 = 995 (8.26)

The Prandtl number is an unknow parameter, and it depends on the Richardson
number, while it is offten assumed a constant value. For the unstable conditions
(Ri < 0),

vsas = (CsA)?|S|V1 — cRi, (8.27)
1
Dsas = 5~ (C.A)? S|V — bRi, (8.28)

where Pry is the Prandtl number in neutral condtions. The values of ¢, b, Pry
are set 16, 40, and 0.7, respectively. Then the Prandtl number is

1—cRi
Pr=Pryy/— . 2
TN T TR (8.29)

For the stable condtions, when the Richardson number is smaller than the crit-
ical Richardson number, Ri.(= 0.25),

Ri\"
vsas = (CsA)* S| (1 ~ T ) , (8.30)
1 2 Ri\" .
D = 5—(Cs 1—-— 1-— . 31
sos = = (CN181 (1= 2 ) (1R (831
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The constant g is determined as the Prandtl number becomes 1 in the limit of
Ri — Ric and then is (1 — Pry)/Ri.. The Prandtl number is

. —1
Pr = Pry {1 —(1- PrN)]];; } . (8.32)

For the strongly stable condistions (Ri > Ri.), the eddy viscosity and the
diffusivity for scalars are 0;

vsas =0, (8.33)
Dscs = 0. (8.34)

The Prandtl number is Pr = 1.

Scotti et al. (1993) suggested that the length scale should depend on the
grid aspect ratio. In the equilibrium condition with the universal Kolmogorov
spectrum, energy cascaded to the SGS turbulence, which equals to SGS dissi-
pation, must not depend on grid aspect ratio. The energy flux or dissipation
can be written as function of S;; and the length scale, A\. The S;; depends on
the grid aspect ratio, so the length scale should have dependency on the aspect
ratio which cancels the dependency of the S;;. With some approximations, they
obtained an approximate function of the length scale ! :

A= fa)A, (8.35)
where f(a) is a function of grid aspect ratio, a, and
fla) = 1.736a/3{
4Py (by)a’® +0.222P, (by)a™>/3 + 0.077P3(by )a~11/3
—3b1 + 4P, (bg) + 0.222P2(b2) + 0077P3(b2) — 3by
}3/4, (8.36)

Here by = arctan(1/a), by = arctan(a) = 7/2 — by, and

Py(z) = 2.5P5(z) — 1.5(cos(z))?/® sin(z), (8.37)
Py(2) = 0.982 + 0.0732% — 0.4182° 4 0.1202%, (8.38)
Ps3(z) = 0.9762 4 0.1882% + 1.1692> + 0.7552* — 0.1512°. (8.39)

For instance, f(2) = 1.036, f(5) = 1.231, f(10) = 1.469, and f(20) = 1.790. A
is the filter length, and is defined to be proportional to (AzAyAz)'/3 here. In
this model, we introduce a numerical filter to reduce two-grid noise discussed
above. This filter reduces two-grid scale physical variability as well. This means
that two-grid scale would be preferred for the filter length in this model rather
than grid spacing itself, that is,

A = 2(AzAyAz)/3, (8.40)

IThey considered two grid aspect ratios, while we here think only one, i.e. Az = Ay.
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Terrain-following coordinate

Tendencies representing effect of the sub-grid scale turbulence with the terrain-
following coordinate are following 2

dG pu _ _5G%P7'11 _ dG2 pria _ 0J13G7 priy + Ja3G2 pTia + Ja3G pris

ot oz oy* 23
(8.41)
9Gz pu _ _3G%PT21 B dG2 proy B 0J13G7 pTo1 + Ja3G7 pTog + Ja3G7 pTog
ot Ox* oy* o€ ’
(8.42)
G pw _ _3G%p7'31 _ dG2 pras B 8J13G2 pra1 + Jo3G3 prag + J33GF pras
ot Ox* oy* o¢ ’
(8.43)
0Gipd)  OGiprP  9GiprP  0J13GEprP + JpsGEprd + J33GEprd
ot or* oy* 0&
(8.44)
1 8G%u (9J13G%u
2 = 4
G251 Freais 9 (8.45)
1 o aG%’U 3J23G%v
G259 = oy + PTa (8.46)
1 8J33G%”UJ
2 =20 7 4
G S33 S (8.47)
1. 1{0G3u  0G3v | 0JxGru+ Ji3G3v
G251 = 5 < oy + Ere + a€ ) , (8.48)
1 . 1 8G%w angG%U + ngGéw
ohoam (e Shhvamoie)
1 - 1 3G%w 8]13G%w+J33G%u
G253 = 3 ( e T 5 ) (8.50)
. 0G=0  8.J13G20
irP=-D 13 51
Gary SGS( prraies o€ ; (8.51)
L 0G=0  8.Jy3G20
G2 D _ —D 8.52
Ty 5GS ( oy + BTz ) ) (8.52)
GirP = _DSG578J33G§97 (8.53)
0§
. 8.J33G20
N2 = 99U 0 .54
G FRrT: (8.54)

2Equations which are not changed in the terrain-following coordinate are ommited.
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8.1.3 descretization
Spatial descretization

We use the 4th order differnce scheme for the advection term as mentioned in
the chapter 3. The 7;; and 7P are propotional to the square of the grid spacing
(A?%). Due to the consistency with the advection term in terms of order for
spatial difference, the second order central difference scheme is used for terms of
the sub-grid scale turburence. In the following part in this sub-section, overline,
and ¢, j, k mean as they are in the chapter 3.

Momentam equation The tendencies in the momentam equation related to
the sub-grid scale mode are

dG pu = _ (GZpmin)is1gk = (G2pm1)ijik
Ot it+l,5k A
1 £y
. (G2P712)i4 1 jrin — (G2PT12)i4 1 i1k
Ay
{G%E(JBTH T s J337'13)}¢+%,j,k+% _ {G%p(Jan + JagTi2 + J337'13)}i+%7j,k—%
Az |
(8.55)
1_ 5
i (GEmirpean — (GEPT)il i
ot ijrik o
(G2 pman)iirn = (G2 pran)ijn
Ay
(Chsamm + o 4 e | {G2p(J13ma1 + JosTao + J33723) }i j4 3 k-
Az |
(8.56)
1_ P
@ o (G2P731)ir g jkry — (G2PT31)iog ikt s
Ot igk+d o
1_ P
_ (G2p732)ij1 3 k43 — (G2PT32)i -3 kel
Ay
B {(G2 p(J13731 + Jo3Ts2 + Ja3733) Vijkrr — {(GZ p(JisTs1 + JasTso + Jaa733) Vi jik
Az |
(8.57)
The p is
Posrhes = Pij+1k+1 T Pi,j+1Z T Pkt Pigk (8.58)
41kttt itk Pig kit + Pig
Pevaiors = Pit1,5k+1 Pz+1,yf Pijkt1 T Pijik (8.59)
Pitl itk = Pit1,j+1.k + Pz+1,J’Z Pijt1k T Pijk (8.60)
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Thermal equation The tendency in the thermal equation related to the sub-
grid scale model is

aGépH o (G%ﬁTlD)i+%,j,k - (GéiTlD)i—%,j,k
ot gk Ax
3 (G%pT2D)zj+%,k - (G%ﬁTzD)mf% k
Ay
{G2p(JysmP + JosP + J3373D)}i7j,k+% —{GEp(J137P + JosTh + JBSTSD)}i,j,k—%
Az
(8.61)
The p at half-level is eq.(3.9)-(3.11).
The eddy diffution flux, 77, at half-level is
eSS ((CL() Ry (<L) R TN CIE LTS BT S Bl CITIC IS RS
1 Jit+35,5.k SGS,it+35,7,k Ax Az ’
(8.62)
1= 1=
(G31P) 1 1= —Dgggiin (@30)i 15 — (G305 O)iapry = (F25C2 0y iy
2 Jij+3.k SGS,i,j+35,k Ay Az )
(8.63)
1 J33G20; j i1 — J33G20; 1
(GZTBD)i,j,kJr% = —Dsasijrsl ’ +Az o (8.64)

Strain tensor All the strain tensor, eq.(8.17), have to be calculated at full-
level (grid cell center), and some of them are at cell edges.
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e cell center (i, 7, k)

1__ 1__ 1__ 1__
(@8 p = Witk —(CWi g TGP g gy — 13GP Wiy gy
11)i,j,k Az Az 7
(8.65)
YW A 1% e ) VRS W ULl I P W S G PP W
22)i, 5,k = Ay Az ’
(8.66)
J33G3W; i i1 — J33GEW; 1
(G Sg)i g = ——— S (8.67)
(G%S Voik = 1 (G%ﬁ)mvf%,k - (G%ﬂ)i,j—%,k N (G%G)H%,j,k - (G%@)i—%,j,k
12)i,5,k 2 Ay Ax
1 1 1 1_
+(J23G2u)i’j’k+% — (JZSGZU)i’j,k—% + (J13G2'U)i,j,k:+% - (JlSG”)i,j,kf%
Az ’
(8.68)
1 1
1 (G2w), j 1 — (G2W), 51 4
Gz S ik = o e 2
( 2 23) .k 2{ Ay
1_ 1__ 1__ 1__
+J336'2vi,j7k+% — J33G20; 51 + (J23G2w)i,j,k+% - (J23G2w)i,j’kf%
Az ’
(8.69)
1 1
N 1 (GE@)H%J,/@ - (Géw)i—%,j,k
(G28S31)i .k = 3 { Ax
1 1 1 1
+J3SGZU/Z‘J"]€+% — J53G20; 5y 1+ (J13GPW); gy — (J13G2W); 51
Az '
(8.70)

e z edge (z'—l—%,j—l—%,k:)
1__ 1__ 1__ 1__
1 (qu)i—&-%,j-&-l,k - (G2u)i+%,j,k n (sz)i+1,j+%,k - (G2v)i,j+%,k
Ay Ax

1
(G=S12)i1 1 41 = 9

1__ 1__ 1__ 1__
(J23G2W)i 41 i1 g ks — (J23G2W)ip s s 1+ (J13G20)ip1 510 kq ) — (J13G2D)

Az
(8.71)
o zedge (i,j+ 5, k+3)
1__ 1__
1 1 (sz)i,j+1,k+% - (sz)i,j,kJr%
(G7523); j4 L htd = 5 Ay

J33G%Ei,j+%,k+1 - J33G%@',j+%,k + (J23G%w)i,j+§,k+l - (J23G%w)i,j+%,k
Az '

(8.72)
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e yedge (i+ 3,5, k+3)

1 1__
1 {(G’zw)i“’jyk% - (G2w)i,j,k+%

1
(G2551)ivg jmes = 5 Az

L 1 1 1
J33G2U 1 g1 — J33G2 U1 g+ (J13G2W) 41 51 — (J13G2W) 41 54
Az .

(8.73)

velocity Calculattion of the strain tensor requires value of velocity at cell
center, plane center, edge center, and vertex. The velocities at cell center (full-
level) are eq.(3.15-3.17).

e -y plane center (7,7, k + %)

i jry = %er (8.74)
Tijk+1 + Vij
Tijhrd = w (8.75)
(pw)ij k+1
T - — X ‘BhRTs 8.76
bik+d Pijk+1 (510

e y-z plane center (i + 3,j,k)

(pu)i+§,j,k

Ei+%’j’k = (877)
Pitd.5.k
_ Vit1,4.k + Vijik
Vitggk = o (8.78)
_ Wit1,5,k + Wik
Witgik = o (8.79)
e z-x plane center (i,j + 3, k)
_ Uijt1,k + Wijik
Yijrg e = 7 o (8.80)
(pv); Jt+i.k
_ _ Gt
Vigtsk = T4 (8.81)
Pij+ik
_ Wij+1,k + Wik
Wijtsk = o (8.82)
e z edge center (i,j + 1,k + 1)
Tt + T+ Wigrs + iy
T L= i,5+1,k+1 1,541,k 1,9,k+1 1,5,k (8.83)
7J+27k+2 4 ’
61, L1 +v; .1
_ Vit gkt bj+3.k
Bt kel = 5 : (8.84)
B Wijt1h+t T Wijesd
T jod ey = 5 : (8.85)
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e y edge center (i + %,j, k+ %)

Uit d k1 T Uigl

Uit L ghty = 2 ) (8.86)
_ _ Vit1,5,k+1 T Vit1 5k + Vigk+1 + Uik (8.87)
vi+%,j,k+% — 4 5 .

_ Wit1jk+t T Wijetd

wi+%)j7k+% = B . (8.88)

e 2 edge center (i + %,j + %’/{)

Uit g1k T Uit d ik

Uiyl jtdke = 5 ; (8.89)
Vig1, 4tk TV 101k

— _ ) 25 s 25

Uitd bk = 5 ’ (8.90)

_  Wig1,j+41,k T Wit1 5,k + Wi j+1,6 + Wijk 8.91

Witlj+3.k = 4 : (8.91)

e vertex (i—&—%,j—&—%,k’—l—%)

Uit d it k1 T U2 16 T Wi d a1 T Uigd 5k

it g j+3.k+5 = 4 ’
(8.92)

_ ~ Uitk T 01l T Vit k1 T Vi Lk

Vit lj+3k+3 = 1 )
(8.93)

_ Wit gkt T Wi el T Wikt T W5kl

Wikl j+ik+1 = 1 :
(8.94)

Eddy viscosity/diffusion coefficient The eddy viscosity/diffusion coeffi-
cient, vsgs / Dsas, is calculated at full-level with S and Ri at full-level and it
at half level is interporated one at full-level.

Brunt-Visala frequency The Brunt-Visala frequency, N2 is required to cal-
culate the Richardson number at full-level.

g J33G%91',j,k'+1 - J33G%91‘,j,k—1

GEN?),jp =
( ) Ik Gm-,k 20z

(8.95)

8.2 Boundary layer turbulence model

Correnspoinding author : Seiya Nishizawa

8.2.1 Mellor-Yamada Nakanishi-Niino model
level 2.5
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Opu

pralie LT (8.96)
0 0 —
% =g P (8.97)
8p01 0 —
5t = " a.P0w (8.98)
dpq 0 ——
gt“ = =5, P, (8.99)
o , ——0u ——0v g — 0 —
= = -2 "w' — "w' — 2= pb! w' — — pqPw’ — 2 8.100
514 (puw 5, T PUw az> 2y PP = oo pgPw’ = 2pe, ( )
where
Qo = qv + qc + ¢ + ¢ + g5 + qq, (8.101)
and g2 is doubled tubulence kinetic energy;
@ =u?+ 0%+ w? (8.102)

The higher order moments and the disipation term are parameterized as
followings:

ou

ww' = —LQSM$7 (8.103)

0
v = —LqSMa—z, (8.104)

00
Ojw’ = —LqSHa—Zl, (8.105)

0qa
o = —LqSHa—qZ, (8.106)
o 2
Cw' = 73LqSMa—qz, (8.107)
Oy’ = Boljw + Bydyu’, (8.108)
q3
=1 1
‘=51 (8.109)
where

D3 — 3C,®

Sur = acAlw, (8.110)
Dy 5

Dy + 3C, @

Sir = Ay 221D (8.111)
Dy 5

By =1+ 0.61¢, — 1.61Q, — Rabe, (8.112)
B, = 0.616 + Rac. (8.113)
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Do 5 = PPy + O5P3, (

®; =1-302A3B5(1 — C3)Gyy, (

Py =1-9a2A;A5(1 — C)Gy, (
B3 = 0y +9a2A3(1 — Co)(1 — C5)G, (8.117

Py =D — 12024, 45(1 — Co)Gy, (

5 = 602 A3G )y, (

(

_Jd/e 9<q

e = { i 0> a 8.120)

L2 [ fou\? o\ >
] R

2
Gy = —%NQ, (8.122)
1 Q1 )}

R=_-<{l+erf(2L)}, 8.123
s (G (8.128)

5 Q 1 @

R=R 20. Vo exp ( 5 | (8.124)
Q =2 {RQ b ( Q%)} (8.125)
= 20, —exp|——= | ¢, .

l 1 N p 9
a
Q1= 2. (qa — Qs1), (8.126)
2 1 o9 a _ @ ?
oL = 4a L°a.BsSy P b@z , (8.127)
Qs
0Qq = ; (8.128)
T |p_p,
I —1
a= (1 + 5Qsl) , (8.129)
CP
b= %5@(31, (8.130)
— (14 0.61gs — 1.61Q) 212 ~ 1610 (8.131)
Cc = 014, . l TCp . s .

and Qg is the satulation specific humidity at the temperature T;(= 6,7/6).
The buoyancy flux term, which is the third term of the left hand side in eq.
8.100 is

g g 00, 0¢a
2= 0w’ =2 [ —ByLqSy— — B, L
goevw % ( BoLqSw 9% BqeLqSH 82)
_ 9 (590 , 5 0
= 2LqSH00 (50 62’ +Bq (92’)
g 90,
= —2LgSy =2
QSHao 0z
= —2LgSyN?, (8.132)
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where N? is square of the Brunt-Vaisala frequency.

d o ou\® o)
gl 2quSM{<6z> +((‘3z> }

3
—2pLqSyN? + 9 SquSng2
0z 0z

q

—9pd 8.133
PBI ( )

Swma2, SH2, and g9 is for level 2 scheme corresponding to Sy, Sy, and g,
respectively;

A1Fy Rp1 — Rf
Surs = nZM e 8.134
M2 Ry~ RfOM2 ( )
_ Rfc—Rf
Sua = 3A2(71 + 72) 1—Rf (8.135)
ou\>  [ov\®
qg = BlLZSMQ(l - Rf) {((;:) + (82) } . (8136)

Rf and Rf. are the flux Richardson number and the critical flux Richardson
number, respectively. The gradient Richardson number, Ri, is

S
Ri = Rf SZ; (8.137)

Then the Rf is

1 AyF. AF AF A F ?
Rf=-"22{Ri+ ! lRfl—\/Rz’2+2 ! 1(Rf1—2Rf2)Ri+( ! IRﬂ) :

2 A Fy Ao Fy Ao Fy Ao Fy
(8.138)
Al
Rfc = 7 8.139
fe Y1+ 72 ( )
(8.140)
where
—-C
Rpy =By AL (8.141)
P
Ry =B 2. (8.142)
Fy

The turbulent length scale, L, is determined by the smallest length scale
among the three length scales;

1 1 1 1
1 4= 14
I LTI, (8.143)

he surface layer scale, Ly, the boundary layer scale, Ly, and buoyancy length
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scale, T'g;

kz/3.7, ¢>1
Ls=X{ kz/(1+27¢), 0<¢<1 ,

kz(1—100¢)%2, ¢<0
Ly = 0.93d0 2%

Jo qdz

q/N, 00,/0z > 0and ( >0
Lg =< {1+5(q./LrN)"/?}¢q/N, 86,/0z>0and <0 |,

00, 00,/0z <0

where ( is the dimensionless height;

z

(=

Ly
Ly is the Monin-Obukhov length;
0 3
L]\/[ = - % 5
kgt w',

(8.144)

(8.145)

(8.146)

(8.147)

(8.148)

where u, is the friction velocity, and the subscript g denotes the ground surface.
g is a velocity scale defined similarly as the convective velocity w,, except that

the depth z; of the convective boundary layer is replaced by Ly;

1/3
G = {geguﬂgLT}

0o
1-3

Al =B 6 715

1
AQ = 1/3 )

3’7131 PT‘N
By =24.0,
By =15.0,
1

Ci=m———73

34,B)*
Coy =0.75,
Cs = 0.352,
Cs =0.2,
v1 = 0.235,
o = 2A1(3 —2C3%) + By(1 — Cs)

5 =

By ’

F1 = Bl('}/l — Cl) + 2A1(3 — 202) + 3A2(1 — CQ)(l — C’g})7

Fg = Bl('}/l + ’}/2) - 3A1(1 — Cg),
P’I"N = 0.74.
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descretization

The diffusion equations for ¢%a is solved implicitly.
y

()" = (g)"

ou\ 2 ov\?
=2 L — — LgSyN?
Pk A7 pr | ( qSM)k{<aZ> +<6z> }+( qSu )k‘|
1 (g)" " = (qp)"
+ Aor {(3PLq5M)k+; Aury — (3pLqSn)p—1
2pkqk 2\n+1
7B1Lk (Qk) . (8.163)
ar(@i40)" "+ be(@R)" T + en(gio)" T = di, (8.164)
where
At
=———(3pL 1 1
h Az 3 Azipr (BpLaSar)ir (8.165)
2At
b= —ax—cx+ 1+ zk, (8.166)
1
At
C = (S[JLC]S]V[)k,%, (8167)

B AzkAzk_%pk

LqSy { (gj)z + (gg)Q} - LqSHNﬂ (8.168)

di. = (gi)" + 2At

()" = exgi)™ + fr, (8.169)
where
ag
=0, 8.170
o bi + crer—1 ( )
dy — cr fr—1
= - 8.171
fk bk + crep—1 ( )

Vertical flux for pu, pv, pf, pq, is also solved implicitly. For instance, the flux
for pu, F, is calculated by

n+1 n+1
F,oor = (pLgSM),, okl — "k (8.172)
u,k+35 pLq k+35 AZk_;'_; . .

u"*t1 is calculated as the same way with the ¢2, but

At
—_ -——— L -1
ak Azk+%Aszk (p qSM)k-‘r%’ (8 73)
by = —ar — ¢ + 1, (8.174)
At
= — — L -1
Ck AzkAzkfépk (v qSM)k_%’ (8.175)
di. = uy,. (8.176)
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8.3 Microphysics

Corresponding author : Yousuke Sato

The SCALE-LES has three types of cloud microphysics models. We will show
description of these models below.

8.3.1 Kessler Parameterization

An one-moment bulk microphysical scheme, which treats only warm cloud (cloud
and rain), is implemented in SCALE. This scehem predicts mixing ratio of cloud
(Qeloud) and rain (Qrqin ). Cloud microphysical processes treated in this scheme
is saturation adjustment (corresponding to nucleatioin, evaporation, and con-
densation of cloud), evaporation, auto-conversion, accretion, and sedimentation.
The tendency of Qciouds Qrain, and @, (vapor mixing ratio) is given as

% = dQ‘sat - dQ‘auto — dQ|acc (8177)
8 rain
% = dQlauto + dQlace — dQlevap — Fo, |sea (8.178)
0Qy
aci = AQlevap = dQsar (8.179)

where dQ|sat, dQ|auto, AQlace, and dQ|evqp represents tendency of mixing
ratio by saturation adjustment, auto-conversion, accretion, and evaporation,
respectively. Fg |seq represents flux of @, by sedimentation.
dQ|autos AQ|ace, and dQlevqp are given as

cloud * 1073 cloud > 1073
Quuto = { Qetoud (Gt ) (8.180)
ancc = 22x choud X 2,18725 (8181)

9P 5.4x10542:35X10°%

; o) (8.182)

_ . 10.525
fvem‘, 9e=Qcioud _(p*Qrain) (QS > choud)
dQe’uap =

where fyen: is ventiration factor (fyent = 1.6 +124.9(pQain )°-2%4%), and unit
of dQ..« is [kg/kg/s]. p, qs, and p is pressure, saturation vapor mixing ratio,
and total density.
The dQ|sq: is given as

dQ‘sat = Qv — (s- (8183)

Terminal velocity of cloud (V;.) and rain (V4 ) is given as

Vie = 0 (8.184)
Vir = 36.34(pQrain)"***[m/s] (8.185)
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8.3.2 Double-Moment BulkSeiki and Nakajima (2014)
Treatment of hydrometeors

Generally, characteristics of cloud particles are determined by their size, shape
and chemical properties of solute in them. Representation of these character-
istics needs a multi-dimensional parameter space of size, shape and chemical
compositions. Since development of a cloud resolving model (CRM) coupled
with an aerosol transport model is beyond the scope of this study, we consider a
two-dimensional parameter space of size and shape of cloud particles. We then
categorize cloud models into two major groups according to their representation
of cloud particles. One is the bin method, with discretized particle size bins,
predicting the population density of particles in each bin. The other is the bulk
method in which the particle size distributions are approximated by several pre-
scribed modes, predicting the total populations of partilces of each mode. The
treatment of hydrometeors adopted in this study is described in the following
sections.

Droplet Size Distribution

The Seiki and Nakajima (2014)Seiki and Nakajima (2014) scheme is designed
to maintain the self-consistency of the assumptions regarding droplet size dis-
tribution (DSD) and the shapes of ice particles among the cloud microphysi-
cal processes. Following Seifert and Beheng (2006; hereafter, SB06), Seiki and
Nakajima(2014)Seiki and Nakajima (2014) predicts the moments of the DSDs of
each hydrometeor assuming the generalized gamma distribution to analytically
formulate the cloud microphysics as follows:

fa(r) = aqz” exp(—Az) (8.186)

where the index a € (c,r,i,s,g) represents cloud water, rain, cloud ice, snow,
and graupel. For a given DSD, the k-th moment of a DSD can be defined as
follows:

M®) = /OO a* f (r)dz, (k€R) (8.187)
0

For example, the 0-th moment of a DSD is the number concentration N,, and
the 1st moment of a DSD is the mass concentration L, = pg,. The evolutions
of DSDs are represented by updating «, and A, using N, and L, with two fixed
parameters, v, and pu,, respectively. The diagnostic parameters a, and A, are
calculated as follows:

Harg | 22tt
r(”fl) Ao (8.188)

Ao = [ngftflg}ua
T Vo+2
ta
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where the mean particle mass = L,/N,. We maintain the self-consistency
of the shape of ice particles by assuming power law relationships between: 1)
the particle mass and the maximum dimension D and 2) the particle mass and
the projected area to the flow A as follows:

D = apa’ (8.189)
A = agpabm (8.190)

where a.,, by, Gaz, and by, are constant coefficients. We chose to use con-
stant parameters in the representations of DSDs following SB06 for cloud water,
cloud ice, snow, and graupel; and following Seifert (2008) for rain (assuming the
collisional-breakup equilibrium condition). The shapes of ice particles are those
given by Mitchell (1996) assuming cloud ice as hexagonal plates, snow as assem-
blages of planer polycrystals in cirrus clouds, and graupel as lump graupel. The
abovementioned constant parameters for each hydrometeor are summarized in
Table 8.1.

Table 8.1: Constant parameters chosen for the generalized gamma distribution;
power law coefficients used for maximum dimensions and the projected area;
and ranges of lower- and upper limits of mean mass.

cloud water rain cloud ice snow graupel
v 1 -1/3 1 1 1
[ 1 1/3 1/3 1/3 1/3
A [m kg~ 0.124 0.124 1.24 1.24 0.346
bm 1/3 1/3 0.408 0.408 0.357
Aoz [MZkg™0] 0.0121 0.0121 0.178 0.196 0.0599
bax 2/3 2/3 0.755 0.768 0.714
Tomin|kg) 42x1072 42x107"2 42x10777 42x1072 42x10" "2

Tmaz k) 26x10710 26x10710 26x1071° 2.6x10710 26x 1010

Terminal velocity of hydrometeors

In the same manner as in Seifert and Beheng (2006a), the terminal velocities of
particles are formulated in power laws except for the gravitational sedimentation
which is described in accurate formula, because the gravitational sedimentation
is directly compared with precipitation data. The terminal velocities of hydrom-
eteors are determined by the balance between the drag force and gravitational
force. Traditionally, the terminal velocity for small spherical particles, small
Reynolds number (Ng.), are described by Stokes ' Law,

29(pw —
Vt,stokes(r) = g(f;np)TZ (8191)

where g = 9.80616 [ms~2] is the gravitational acceleration, pw = 1000 kgm =3
is the density of liquid water, p is the density of air and 7, is the dynamic viscos-
ity of air. Laboratory experiments showed that the terminal velocity departed

from Stokes ' Law as the Reynolds number increases (Gunn and Kinzer, 1948;
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Beard and Pruppacher, 1969). Thus, other formulas are required for larger
droplets such as rain droplets and ice crystals.

In the case of liquid water droplets, the terminal velocity is well determined by
laboratory experiments because of simplicity of the shape. In contrast, in the
case of ice particles, there are many observation data of the terminal velocity for
various shapes of ice crystals. Bohm (1989), Bohm (1992) and Mitchell (1996)
proposed the general formulations of the terminal velocities of ice particles based
on the boundary layer theory and their studies showed good agreement with
observational data. In this study, we calculated terminal velocities for each ice
particle based on Mitchell (1996) and then made a fitting curve by a power law
in the suitable range of diameter.

In the theoretical formulas, the terminal velocities of hydrometeors are depen-
dent on diameter, shape, the Reynolds number and the Best (or Davies) number
(Nx). Application of these dependencies to cloud microphysics are so compli-
cated that here we have applied a simplified approach suggested by Beard (1980),
1. The terminal velocity is calculated for the reference atmosphere.

2. The terminal velocity in the atmosphere are adjusted from the reference
value.

In the following paragraphs, we describe the terminal velocities for the reference
atmosphere and the adjustment technique.

Terminal velocity of liquid water droplets for the reference atmo-
sphere

In the case of liquid water droplets, absence of shape variability makes for-
mulation easier than ice particles. Here, we only consider the dependency on
the diameter of droplets. Seifert and Beheng (2006) applied the formulation of
Rogers et al. (1993), which is the analytical approximation to the observation
data of Gunn and Kinzer (1948),

ar,D(1 — exp(—br, D)), (D < Do)
(D) =4 agr, —brexp(—cr,D), (D > Dy,) (8.192)

where ar, = 400057, br, = 12000m~1, ar, = 9.65ms~1, bg, = 10.43ms~ 1,
cgr, = 600m~1, and Dy, r = 7.45 x 10~* m. This formulation approaches the
quadratic form of Stokes’' Law in the limit for small diameter. In addition,
the data of Gunn and Kinzer (1948) agrees well with the terminal velocities cal-
culated by theoretical formulation based on the boundary layer theory (Bohm,
1992). Therefore, we applied eq.8.193 for the sedimentation of rain (Fig. 8.12
11). Here it is mentioned that the reference atmosphere of the formulation is
T = 293K, p = 1000h Pa, and relative humidity is 0.5 (Gunn and Kinzer, 1948).

Terminal velocity of solid water particles for the reference atmosphere

In the case of ice particles, we derive the theoretical formulation of the terminal
velocity following to Mitchell (1996). In general the aerodynamic drag force Fp
on a particle is expressed as follows,

1
Fp= 5,)VEA(JD (8.193)
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where Cp is the drag coefficient. Terminal velocity is determined by the
equilibrium condition between the drag force and the gravitational acceleration,

2zg \1/2
= 8.194
“ (pACD ) ( )
The problem of derivation of the terminal velocity is reduced to derivation of
the drag coefficient indepenently on the terminal velocity. In practice, Mitchell
(1996) and many other researchers calculated the terminal velocity by the defi-
nition of the Best number (Nx) as follows,

22gpD?

N, =CpN3, = ,Zigg (8.195)
Where Npg, is the Reynolds number. The terminal velocity can be calcu-
lated after the relationship between the Best number and the Reynolds number
is determined. In the relationship, it is convenient that the drag coefficient is
determined by the Reynolds number although the dependency of the drag co-
efficient is complicated. A theoretical formulation of the drag coefficient was
proposed by Abraham (1970). The drag coefficient is the dimensionless number
defined by the drag force, the dynamic pressure and the projection area of the
particle (see eq.8.193). Abraham (1970) assumed that the effective projection
area of the particle contained the projection area of the particle itself and also

the boundary layer surrounding the particle as follows,

1 Op + 2
Fp = -prfCoA(l + — 8.196
D QPVt 0 ( + TA) ( )

where Cj is the drag coefficient which is due to the pressure of the fluid and
should be determined independently of the shape, d; is the boundary layer depth
and r 4 is the radius of a circle with the equivalent projection area. Furthermore,
the ratio of the boundary layer depth to the radius is expressed as follows,

S _ 5%/2 (8.197)
TA NR

e

where Jg is non-dimensional constant. Substituting eq.8.197 into eq.8.196,
the drag coeflicient which also includes the effect of the boundary layer is cor-
responding to the following,

(50 2
Cp =Co(1+ W) (8.198)

Re
Thus the drag coefficient is expressed by the Reynolds number. The re-

lationship between the Reynolds number and the Best number is derived by
substituting eq.8.198 into eq.8.195

83 4]\7)1(/2 1/2 2
N, =2 [(1+ 5303/2> —1] (8.199)
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Here we use Cy = 0.6 and Jp = 5.83 as provided by Bohm (1989). Finally
the terminal velocity of ice particles is calculated by substituting eq.8.195 and
eq.8.199 into the definition of the Reynolds number,

_ a8 4 2agpD* 127172 12
 Dp4 “1 5303/2( An? ) ] 1} (8.200)

In this formulation, required variables are mass, projection area, maximum
dimension of ice particles and thermodynamical variables. Here we use several
piecewise-constant mass-maximum dimension and projection area-maximum di-
mension relationships provided by Mitchell (1996). The terminal velocities of
various ice particles are plotted in Fig.8.2. As shown in Fig.8.1 there is less
difference between hexagonal plates and stellar crystals with broad arms with
the diameter less than a few hundred micrometers. Therefore we only consider
hexagonal column and hexagonal plate as representatives of the category of ice.

Adjustment factor of terminal velocity

Beard (1980) suggested that calculation of the terminal velocity using the Best
number could be simplified with use of an adjustment factor (f,:) defined as,

Vg = VtOfvt (8201)

where vyq is a reference terminal velocity. He demonstrated that f,; was not
sensitive to the shape of hydrometeors. When electrical force is not considered
in the cloud microphysics, formulas of f,; are as follows,

for = futo (NRe, <0.2) (8.202)
for = fotco (NRe, > 1000) (8.203)
fvt = fvtO

+ (fotoo — for0)(1.61 +InNg_0)/8.52 (Nge, < 1000) (8.204)
foio = (m0/n) (8.205)
foroo = (po/p)*? (8.206)
Nr,o = poDvi/mo (8.207)

The upper limit of the Reynolds number ( Ng, = 1000 ) corresponds to
a diameter of several milimeters and the lower limit of the Reynolds number
( Ng, = 0.2 ) corresponds to a diameter of tens of micrometers. Seifert and
Beheng (2006) applied a further simplified adjustment factor based on eq.8.205
and eq.8.206 as follows,

fotn = (po/p)"™, (n=c,1,i,5,9) (8.208)

where 7. = 1.0 and v, = 7; = 75 = 74 = 0.5 This simplification formula of the
adjustment factor is intended to avoid the dependency on the Reynolds num-
ber. However, ~,, = 0.5 is valid only for high Reynolds number particles whose
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diameters are more than several millimeters as shown in eq.8.200. Therefore,
the above formula always underestimates the terminal velocity of cirrus clouds.
Another simplified formula for cirrus clouds was suggested by Heymsfield and
Taquinta (2000) as follows,

for = (p/po) "1 (T ) Ty) ~% (8.209)

where Ty = 233 K and pg = 300 hPa. By using these adjustment factors, we
can only consider the terminal velocity for the reference atmosphere. Adjust-
ment factors used for each hydrometeor in this study are summarized in Table
8.2.

Table 8.2: Adjustment factor for the reference terminal velocity.

cloud rain Ice Snow graupel

f?}i 1 (p(]/p)o.ﬁ (p/po)ff).l7 (T/j“[))*(].fighi (p/p(])f[).17 (T/j‘b)fo.:fgél <p/p(])70.178(7“/7“0)70.394

Weightend mean terminal velocity

In gravitational sedimentation, the mean terminal velocity weighted by the k-th
moments of DSD (vi nq) is calculated straightforward as follows

'Ukjnq = / xkfnq(‘r)vt,nq(x)dx (8210)
0

However, the formulas of the terminal velocities, eq.8.193 and eq.8.200 are

too complicated to analytically integrate eq.8.210. Seifert and Beheng (2006)
and Seifert (2008) approximately used the large branch of eq.8.193 for rain
droplets and simple power laws derived by observation for other hydrometeors.
Here we made more accurate formulations to calculate the weighted terminal
velocities.
As shown above, the dependency of the terminal velocity on the diameter varies
among the aerodynamical regimes. In other words, the dependency varies among
the range of diameter. Therefore, firstly we prepared two branches of the ter-
minal velocities of hydrometeors except for cloud droplets so as to integrate the
DSDs analytically. For cloud droplets, we use the same power law provided by
Seifert and Beheng (2006) which is based on Stokes’ law. For the rain droplets,
we directly use the formulation of eq.8.193 because we can integrate each branch
analytically. In contrast, we need to derive two fitting curves for ice particles.
The formulation of the terminal velocity of ice particles is described as a power
law of the diameter made by the least-square method as follows,
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Vtjs = aszxb”’js; (js =1i,5,9) (8.211)

idmax
_ N _ N 2
(RMSE)]CJS = Z (lnvk,js,t,.ue(Did) _lnvk,js(Did)) (8.212)
id=1
O(RMSE)i;s O(RMSE). .
AR kgs g, A2 Thgs
8av’j8 8bv7js
wpDa) = [ gt e D Lo/ L
0
T Ujs'i'bu,g.'s-‘rk-‘rl r 'Ujs."l'l by e
= Ovygs (F ’Ujs’lj:;?*‘rl ) 1—\(1::—:2>} ’ ‘rfé,;; (8.213)
( Hijs ) ( Hjs )
B imax B
vk,j;tT'ue(Did) = Z xkvt,js,trueflogD(lnDiaDid7L)AlnD/L
=1

where Dy = 10um, Dimaez = 10mm, tpq, = 1000, and L is arbitrary con-
stant. The fitting ranges of the mean volume diameter in eq.8.212 are from 20
to 400 pm for the small branch and from 200 to 2000 pm for the large branch.
The derived parameters are summarized in Table 8.3.
Secondly the terminal velocity with a certain mean diameter is calculated by
interpolating between the two branches in the logaritgmic scale of the diameter.
Here we practically use the mean diameter weighted by the kth moments of
DSD in the interpolation. The formulation of the weighted terminal velocities
of the rain droplets and solid particles are as shown in the following,

Vk,nq

Vk,sml,r

Vk,lrg,r

Wik,nqVk, l":ga ng + (1 - wk,nq)vk,l;g,nm (nq =T, iv S, g) (8214)
0.5(1 + tanh(win(Dg /Do .r)))
maz (0.0, min(1.0,0.5(1 + In(Dx s/ Do k.js)))) (s =1,s,9)

f[)oo an(ﬁﬂ)l‘k‘fnq(,r)dx
fooo T frq(z)dz
Ung+bm,ngtk+1 Upgq+1
D_nqr( v ) [ ({JTUIS)T)MM (8.215)
r(=o=) )
];\1;}:/ lar,D(1 — exp(~br, D))]z"N,(D)dD
T 0
(1 + KD,r + 3k)
QR —————
: )\D,r
- %)_2_%”—%} (%0)1/2 (8.216)
J;(;;:/ l[ar — briexp(—cpD)]z* Ny (D)dD
T 0
an — b1+ ;;zz )—1—ILD,r—3k(&pO)l/2 (8.217)
NoyD ™0 ep(~Ap., D) (5.218)
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where D, and Dy ;s are the branch points of the fitting curves (see Ta-
ble 8.4). Here we apply the form of the modified gamma distribution for the
diameter as a DSD of rain droplets. Derivation and correspondences of the co-
efficient No , the slope parameter A\p,r and shape parameter D appeared in
the modified gamma distribution are described in Appendix B. Weighted ter-
minl velocities of ice particles for two branches, and, are calculated by eq.8.213.
Fig.8.3 shows the terminal velocity of rain droplets weighted by number and
mass concentration. Our method gives better results than the results by the
approximated method applied in Seifert and Beheng (2006) in the range within
their upper and lower limit. Fig.8.4 shows terminal velocities of ice particles
weighted by the number and the mass concentration.

Table 8.3: Coefficients and exponents of the relationship between the mass and
the terminal velocity of each hydrometeor used in the gravitational sedimenta-
tion and other processes.

Hydrometeors Sedimentation of mass Sedimentation of mass___ Sedimentation of number __Sedimentation number other process
Small Large Small Larg

Cloud ay =3.75 x 10°,b, =2/3  a, =3.75 x 10°,b, = 2/3  a, =3.75 x 10°,b, = 2/3  a, =3.75 x 10°,b, = 2/3  a,

Rain 8.193 8.193

Hexagonal plate

a, = 1.24 x 10%,5,0.549 a, =422,b, = 0.385

Hexagonal columns b, = 0.274

Aggregates of planar polycrystals _a, =039 a,

Tump graupel a, a, a, = 698,b, = 0387 __a,

Table 8.4: Branch points of the weighted terminal velocity.

Hydrometeors Branch points of the weighted terminal velocity [m]
Cloud Not used
Rain Dy, =7.45x 107%
Hexagonal plates Do =262x 1075 Dy ;=399 x 1076
Hexagonal columns Dy o,i = 240.5 x 109, Dy 1, =330 x 1076
Aggrgates of planar polycrystals Doos =270 x 1075 Dy 1 = 270 x 1076
Lump graupel Dy, = 269 x 1079, Dy, =376 x 10°6

Detailed description of cloud microphysics

Cloud microphysics is mainly categorized into two physics. One is phase change
among the gas, liquid, and solid phases. Another is the collection process among
all the particles. In addition, all the hydrometeors are vertically transported by
gravitational sedimentation. Phase change depends on the thermodynamics of
environment air and affects thermodynamics itself through latent heat release.
In contrast, collection is an internal growth process with less interaction with
the atmosphere. Since the growth speed of the collection process is much faster
than that of phase change, the role of the collection process is a key to determine
the lifetime of cloud (e.g. lifetime effect). Finally, gravitational sedimentation
determines the removal rate of cloud from the atmosphere. Directly it removes
cloud by transportation, and indirectly by the collection process via collision
volume (swept volume).

The cloud microphysics scheme developed in this study basically follows Seifert
and Beheng (2006). Their two-moment bulk cloud microphysics scheme is re-
markable in improvement of the collection process by using a bin cloud mi-
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Figure 8.1: Dependency of terminal velocity of liquid water droplet on diam-
eter. Marks are from Gunn and Kinzer (1948), red line is from Rogers et al.
(1993) and blue line is calculated by Stokes’ law (eq.8.191) under the condition
T=293K, p=1000hPa.
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Figure 8.2: Dependency of terminal velocity of liquid water droplet in maximum
dimension. Each color of solid line is corresponding to different ice particle type
based on Mitchell (1996). Hexagonal columns is blue, hexagonal plates is green,
stellar crystal with broad arms is red, Aggregates of planar polycrystals in cirrus
clouds is purple and lump graupel is light blue.
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Figure 8.3: Dependencies of number weighted terminal velocity (viy) (left) and
mass weighted terminal velocity (v;r) (right) of rain droplets on mean volume
diameter (D,,). Abscissa is the mean volume diameter and vertical axis is
the terminal velocity. Dots show exactly integrated value and solid lines show
approximated value by this study (red, green and blue) and Seifert and Beheng
(2006) (purple). Red and purple ones are calculated with D = 0, green ones
are calculated with gD = 1 and blue ones are calculated with D = 31.
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Figure 8.4: Dependencies of number weighted terminal velocity (viy) (left) and
mass weighted terminal velocity (v:r,) (right) of ice particles on mean volume
diameter (D,;,). Abscissa is the mean volume diameter and vertical axis is the
terminal velocity. Dots show the exact value calculated by Mitchell (1996) and
solid lines show the fitting curves. Red, green, blue and purple denote lump
graupels, assemblages of planar polycrystals, hexagonal columns and hexagonal
plates respectively.
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crophysics scheme. After their works, we modify the cloud nucleation process
(Twomey 1959; and Lohmann 2002), the condensation process (Morrison et al.
2005), and the formulation of the terminal velocities (Mitchell, 1996) with ex-
pectation of the application to global cloud resolving simulations. We describe
production and reduction terms of the mass concentration and the number con-
centration in the following sub-sections.

Phase change

Condensation/evaporation

Theoretical formulation of condensation or evaporation is basically derived by
balance equation of vapor and thermal diffusion above the surface of a single
particle (Rogers and Yau, 1989; Pruppacher and Klett, 1997). The growth rate
of liquid droplet mass x;1 is described as follows,

d .
;Zjl = 21D(x;) G (T, p)Fup(x(jl)Sw, (jl =c,r)  (8.219)
R’UT L’UO L’UO -1
G, = T-1 8.220
: peu()Dy KoT R, )} (8.220)
Fop(z,) = aupr+bop NNy (8.221)

Here Gy, is a coefficient related with vapor and thermal diffusion, D, is dif-
fusivity of water vapor and Ky is thermal conductivity, and F, ¢ is the so-called
ventilation coefficient. This is a correction factor for assumption that the water
vapor field surrounding each droplet is spherically symmetrical. Formulation of
Fvf was experimentally determined by Pruppacher and Klett (1997) and it de-
pends on Schmidt number (Ng,) and Reynolds number (Ng, ). This formulation
for single droplets is transformed into that for moments following to Seifert and
Beheng (2006). With assumption of DSD as a generalized Gamma distribution
and neglecting the change of DSD caused by other process in a time step, we
can derive the growth rate of moments,

oM
ot

dz (8.222)

cnd,evp cnd,evp

> ox
o~ ) k=127
| f@e g

we can consider eq.8.223 from a different view point as follows,

oMk

i ~ [ k[l% ]
ot cnd,evp /0 f]l(x)x z Ot cnd,evp
[e'e) . k
- / @) g e 2 (8.223)
T Oz lend,evp
0 ot

Here, we mention that the theoretical treatment of condensation or evapo-
ration change droplet mass only. Then, we diagnose the growth rates of other
moments by the change ratio of droplet mass with time scale 7. Thus, we can
derive the growth equation for arbitrary moments,
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k
oM
ot cnd,evp

27TleSw/ Dji(x)Fyggi(x) fju(z)a" " do
0
= 27TG[USwleDjl(fjl)va’k’jl(i'jl)f?lil (8224)

where F, f,k,i is an averaged ventilation factor for the k-th moment of DSD.
This formulation seems to be valid unless reduction of number concentration oc-
curs. Because reduction of number concentration occurs only in the case of the
smallest droplet being completely dissipated by evaporation, the formulation by
change ratio is not suitable for complete dissipation. Therefore this formulation
is incomplete to derive the reduction tendency of number concentration by evap-
oration (condensation never changes number concentration). Temporarily, we
assumed that the number concentration of cloud droplets never reduces unless
their mean mass of cloud (Z.) falls below the lower limit Z. yin. The treatment
of rain droplets is discussed in the following section.

Evaporation of rain droplets

Ounly in the case of rain droplets, Seifert (2008) attempted to overcome the
incompleteness for the reduction of number concentration in evaporation. He
reformulated eq.8.224 as follows,

ON,| _ N, 0L
Ot lewp  UPL. ot

7;_’“’ 97 G1uSu Ny Dy (Z0) Fo g1 (70 (8.225)

Here evaporation parameter .., means the evaporation efficiency of number
concentration towards to mean mass Z,. According to Seifert (2008), ey, and
[m,r are parameterized as follows,

De,

Yo = D )exp(—0-2um,r) (8.226)
_ 6tauh|cepp,1(D(Tr) — Deq)Q} +1 (D(2,) < Dey)
B = { 30tauh|ceop 2 (D(Zr) — Deg)?] +1 (D(Z,) < Dey) (8.227)

where D, = 1.1 x1073m is the equilibrium diameter in breakup-coalescence
processes and the cepp,1 and cep 2 are set to 4000 m~" and 1000 m™!, respec-
tively. In this study, we apply eq.8.224 for mass and eq.8.225 with e, = 1 for
number concentration as a default setting (refer to SB06-run).

Deposition/sublimation for solid water

Theoretical formulation of deposition or sublimation is the same as that of
condensation or evaporation except for the definition of surface area. The shape
of ice particles is not spherical and varies widely as is shown in section 2.1.2.
Therefore, vapor and thermal transfer over the particle surface is expressed
by the analogy between the diffusion equation and equations in electrostatics
(Pruppacher and Klett, 1997). Replacing diameter D;, by capacitance Cjs =
Djs/cjs, we can derive the growth equation of a single particle as follows,
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d.]?]‘s

AnC Gy (T, p)Fyf(245)Si, (js=1,s,9) (8.228)

[ RUT Ls70
psz(T)Dv KTT

dt dep,sbl

G (L0 1] B (8.229)

R,T

Here Cjs = Dj4/2 for sphere, C;s = Dj,/m for circular plate, and capac-
itances of other typical shapes such as oblate spheroid crystals and columnar
crystals are expressed by,

.Djs{f o b2 3
st = m, E = ( — E), (fO’f' Sphe’r'ozd) (8230)
A
C; A== (a®> - b*)Y2, (for columnar) (8.231)

Inf(a+ A)/b)’

where a is semi-major axis and b is semi-minor axis. For simplification,
cloud, rain, snow and graupel are assumed as sphere and hexagonal plate ice is
assumed as circular plate here. In the same manner as condensation (evapora-
tion), we can derive the growth equation of arbitrary moments as follows,

8M]’-“S 4m - — \=k—1
W dep.sbl = CJTGS'USZ'NJ‘SD]-S(xjs)F’Uf’k(ij)xjs (8232)
Discussion concerning the reduction term of number concentration is the
same as that for rain droplets. Therefore, we applied eq.8.232 for mass concen-
tration of solid particles. For snow and graupel, the reduction rate of number
concentration is as follows,

k
ON, _ Njs OLjs
ot lsbl L;s 0t lsbi
1 4r _

= = ?GsvSistDjs(-fjs)va,l(-'Ejs)(js = S,g) (8233)
js Cjs

This formulation corresponds to e,, = 1 in the reduction term for rain
droplets. That means sublimation occurs so as not to change the mean mass of
DSD (Z;5). Number concentration of ice never reduces in sublimation unless the
mean mass of ice (Z;) falls below the lower limit. The formulations of the reduc-
tion rate for the number concentration of ice particles are somewhat temporary
and will be improved by the insights drawn from the results of microphysics bin
schemes and observations in future work.

Accurate integration method to solve condensation/evaporation and
deposition/sublimation

The condensation/evaporation process for cloud droplets usually requires a
smaller time step than rain droplets or other particles because of its timescale.
When we apply the time integration with the first ordered Euler method, the
accuracy of the condensation/evaporation and the deposition/sublimation pro-
cesses are worse unless we resolve their timescale. We estimate the timescale
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with the exact thermodynamic definition in NICAM initially and then formu-
late an accurate method to apply the condensation process and the evaporation
process for cloud droplets similar to Khvorostyanov and Sassen (1998) and Mor-
rison et al., (2005). Since the supersaturated condition is achieved by updraft
of air mass, we consider a Lagrangian parcel model with constant updraft ve-
locity and no mixing with external air mass. Basic formulation is based on the
Lagrangian change rate of supersaturation (0s, = ¢y — gsw) as follows,

dbsw _ (dqv dqsw> (8.234)

dt dt dt

Hereafter we consider the tendency of specific humidity and saturation spe-
cific humidity by dynamics, cloud microphysics and radiative heating.
At first, assuming an adiabatically ascending/descending parcel with no phase
change (g, /dt = 0), eq.(8.234) becomes

dbew _ Oqew\ AT Oqew, d
=Gy 28 (o P (8.235)

dt oT v dt op 'Tdt

Here the tendencies of temperature and pressure are described as follows,

dT 1 dp dp
—_— =, - - 8.236
at — pepdt’ ar Y (8.236)
where €, = qqCpd + quCpv + Q1igCl + Gso1C; 18 the mean specific heat at constant
pressure. We can derive the dynamic component of the tendency of &g, by
substituting eq. 8.236 into eq.8.235 as follows

ddsw
dt

1
DYN wg(a

8qS/IU aQSw
(), 05, )r) (8.237)

Assuming air parcel with only cooling/heating by latent heat release, eq.
8.234 becomes

ddsuy _ dqy . (6QSw)d£
dt — dt orT ’/ dt

(8.238)

The tendency of temperature is caused by latent heat release with conden-
sation/evaporation and deposition/sublimation

dr'_ Lyoo+ (cow — )T dauiq n Ly oo+ Lo+ (co — ¢)T dgsol
dt Cova dt Cova dt
llma:lt
_ Luoo+ (oo —a)T ]Z daji
Cya : dt cnd,evp
jl=1
Lyoo+ Lo+ (cow — )T Ry dg;s
’ . 8.239
+ Cva Z dt dep,sbl ( )

js=1
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The tendency of specific humidity is caused by condensation/evaporation
and deposition/sublimation,

JSmax

"X

Then, we can derive the cloud microphysics component of the tendency of
dsy by substituting eq.8.239 and eq.8.240 into eq.8.238,

.7 max

dg, d
@ w

d%s

(8.240)

cnd,evp dep,sbl

jl
Adsw Ly .00 + (va - )T aq$w Ry
sw = (14 ) dgidt
dt ‘MP ( * Cy Z g L cnd,evp
Lv 00 + Lf 00 t+ (va - Cz)T aQSw Iz dqjs
- (1 ) 8.241
( + Co ( oT ) Z dt d(ep,sbl )

By replacing the source term of the mixing ratio of hydrometeors in eq.8.241
with eq.8.224 and eq.8.232

del o 6su)
245t = , or
dt cnd,evp Tend,jl
% _ (Ssi . qsw — Qsi (]l —c 7,) (8242)
dt cnd,evp Tend,jl Tend, jl ’ ’
des . 6575
= , or
dt lde,sbl Tdep,js
dqjs 5sw Qsw — Qsi . .
_ n C(s=i.s, 8.243
dt ldep,sbl Tdep,js Tdep,js (] g) ( )
- -1
Tendjl = ( QWleDjl(ijl)leva,l) (8'244)
PAsw
1 4m -t
Tdep,js = ( G‘”’D] S (SC] 9>Nj gE}f 1) (8245)
Pqsi Cjs

We can rewrite eq.8.241 as a function of super saturation itself,

aésw _ Aliq,lig + Aliq,liq + Asol,liq + Gsol,liq + asol7liq)6sw
ot lmp Tend,c Tend,r Tdep Tdep,s Tdep,g
1 1 1
- ( + + )(QSw - QSi) (8246)

Tdep,i Tdep,s Tdep,g

Lv + Cyy — C T 6 Sw

igiq = 1+ —2 (5 ) ( gT ) (8.247)
Lv +L +va*CiT asw

Gsottiq = 1+ =22 fooé ( ) ( ST ) (8.248)

Here, we can find that 7.4 i and 74cp s in €q.8.246 are considered as the
characteristic time scale to relax the super saturation condition by the condensa-
tion/evaporation and deposition/sublimation processes. The timescale of each
hydrometeor is modified by coefficient a;;q,1iq 0r@s01,1ig, which means the effect of
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latent heat release. The second term on the right hand side in eq.8.246 means
the transfer of vapor from liquid droplets to solid particles. The Bergeron-
Findeisen process is implicitly formulated by the difference of saturation vapor
pressure between liquid and solid.

Finally assuming an air parcel with radiative heating (cooling), eq.8.234 be-
comes

dasw’ __(aQSw) (dl)
dt |rap oT /e dt/ RAD

(8.249)

All the components in the Lagrangian ascending/descending parcel model
are described by eq.8.237, eq.8.246 and eq.8.249,

A S
= Acnd — 8.250
dt 4 (8.250)
ds ds
Aa = 222 Cou|
d dt IDYN dt |RAD
1 1 1
- (= + ) (@sw — @si) (8.251)

Tdep,i Tdep,s Tdep,g
Qliq,liq + Qliq,liq + Qsol,liq + Qsol,liq + asol,liQ)*l (8 252)
Tend,c Tend,r Tdep,i Tdep,s Tdep,g

Tend

Here, we can see that A.,q is a production term of super saturation and 1
cnd is a characteristic timescale of all the phase changes. From their formulation
(eq.8.244 and eq.8.245), we can find that the timescale of each hydrometeor is
in inverse proportion to its number concentration. The timescales under various
conditions are shown in Fig.8.7.

Assuming that time variance of the production term and the timescale in a sim-
ulation time step don’ t vary much within a model timestep, we can analytically
solve eq.8.250,

§sw (t) == Acnchnd + (5sw (t()) - Acnchnd)exp(f ) (8253)

Tend

where t = tg + At and ¢ty = 0. Then, the condensation (evaporation) rate
of cloud and rain are reformulated by substituting eq.8.253 into eq.8.224 and
integrating them,

AL; cn
Sba = pAppg—end
At cnd,evp Tend,jl
Osw(to) — A t
_ ( 'w( 0) cnchnd) Tend [exp o ) _ 1}(8254)
At Tend,jl Tend

This semi-analytical formulation takes time variability of super saturation
into condensation (evaporation) growth. Therefore, it is better than direct time
integration with a first order Euler method.

In the same manner, we can also derive the semi-analytical formulation for
deposition (sublimation) with super saturation for solid water (dg;),
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0si(t) = AdepTaep + (dsi(to) — AdepTdep)e:cp(de ) (8.255)
ep
AL, Tde
AJ = pAdep dep
t ldep,sbl Tdep,js
6Si t - A e e e At
p( (o) depTdep) Tdep [exp(— ) — 1} (8.256)
At Tdep,js Tdep
where
ddg; dds;
Agy = s )
dep dt |Ipyn  dt |rapD
1
sw — Yst 8.257
* Tend, e * Tcnd,r)(q 1 ) ( )
QAliq,so QAliq,so Gsol,s0 Gsol,s0 Gsol,sol \ —
Taep = (el Cligsol | TDsolsol | Zsobseol  Deohsoly™(g o5g)
Tend, e Tend,r Tdep,i Tdep,s Tdep,g
_ LUOO + (Cl/"U - CZ)T aQSi
aligsol = 1+ z, ( oT )p
Lyoo + Loo + (cow — )T ,0qsi
sol,sol =1 —
sol, sol + & (8T )p
dds; B 1 ,0qs; 0qsi
dt Ipyn wg(ép(aT )P+p( Op )T)
d(ssi _ (aqm ) (dT)
dt |rap oT /et dt ' RAD

Finally we applied eq.8.254 and eq.8.256 for the prediction of mass concen-
tration and eq.8.225 and eq.8.233 for the prediction of number concentrations
of rain, snow and graupel. Number concentrations of cloud and ice are assumed
not to change by evaporation and sublimation.

Nucleation of cloud droplets

Seifert and Beheng (2006) applied traditional empirical formulation as an aerosol
activation spectrum as follows,

Nc(Sw,IOO) = Oocnsgfigo (8259)

where super saturation ratio Sy, 100 is in 0. They use Cpep, = 1.26 x 109m 73
and Keen, = 0.308 in continental conditions and Clep, = 1.0 X 108m ™3 and keep, =
0.462 in maritime conditions. Further, Seifert and Beheng (2006) transformed
€q.8.259 into a tendency formulation by time differentiation of the activation
spectrum,

Keen—1 08w
ON., Ceen Hccnswjlooal Tmow
ot = (Sw,loo > 0, w Sg’;oo > O, and Sw,lOO < 11)
0, (else)
OL. ON,
= c,nuc " o, 8.260
At Inuc BTN (8:260)
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where Z¢ puc = 10~ '2kg is an arbitrary mass of nucleated droplets. Because
the aerosol activity spectrum is a function of supersaturation and unbounded
by the total aerosol number concentration, we chose an upper limit of activated
aerosols as 1.5 X Cyep, as similarly chosen by SB06: The maximum acticated
aerosol number concentration is 1.5 times of the activated aerosol number con-
centration at ssw = 1 °/,. Here, we should mention that this formulation
depends on the grid value of super saturation ratio, vertical velocity and verti-
cal derivation of the super saturation ratio. Since super saturation significantly
varies in tens of meters above cloud base (see Fig.8.9), accurate prediction of
super saturation and its vertical derivation is quite difficult. In this study, we
applied a traditional nucleation scheme (Twomey, 1959; Rogers and Yau, 1989)
following Morrison et al. (2005),

Nenue(Werf) = 0.880626/7§ncm+2) (0.07w3ﬁ)ncw/(nwn+2) (8.261)
cp AT
Weff = W+ WrB — EP(E)RAD (8.262)

where we s is effective vertical velocity for nucleation and wrp is the sub-grid
variability of terminal velocity. This is an analytical formulation of maximum
number concentration around the cloud base for the Twomey equation with
aerosol activated spectrum by eq.8.259 (see Fig.8.6). By using this scheme we do
not have to resolve the vertical variability of super saturation around the cloud
base. Furthermore, applying sub-grid turbulence effects on vertical velocity
reduces under estimation of nucleated cloud number concentration caused by
low horizontal resolution (Ghan, et al., 1997; Lohmann, 2002; Morrison and
Pinto, 2005). In this study, implementation of the sub-grid turbulence effect
follows Lohmann (2002),

1/2

wrpB = CTB(gTKE) (8263)

Newwere = 0.1 % Nepue(wess)t?7 (8.264)

where cyp = 1 is used in this study, Ncﬂwc em ™3 is a grid averaged nucleated

cloud number concentration and N nyc(wesr)em™ is maximum cloud number

concentration in turbulent air. By substituting eq.8.261, eq.8.262 and eq.8.263
into eq.8.264, the tendency of cloud number concentration is calculated by,

ON W, (Sw >0, Nepue > Ne and at cloud base)
¢ = 8.265
at nucl O’ (6156) ( )
8LC 6Nc Osw
= min(zemmms| 8.266
Ot lnuc e (.Z‘ ’ ot ’nuc At ) ( )

Since nucleation is usually limited around the cloud base within several tens
of meters (see Fig.8.9), we define cloud base layer (k.pqse) where the nucleation
scheme works as follows,

1.5 X Ceen > Nenu(kepase) > 0, and Ngpu(kepase — 1) < 10° (8.267)
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In addition, we prepare the option (NO-TB) to switch off the effect of tur-
bulence by substituting eq.8.261, eq.8.262 with wrp = 0 into eq.8.265. There
remain some problems to be solved in future,
1.Definition of cloud base is empirical and arbitrary
2.Implementation of sub-grid scale is empirical and cpp is a kind of tuning
parameter. In particular, the TKE approach only considers isotropic eddies.
Sub-grid should be expressed as sub-grid cloud dynamics.
3.Formulation of eq.8.264 does not converge with the NO-TB option when TKE
= 0.

We need to investigate the above problems by using a large eddy simulation
(LES) cloud model.

Nucleation of cloud ice

This study employed two simple ice nucleation schemes, which don ’ t require
the properties of ice nuclei. One is the depositional and condensational freezing
nucleation scheme parameterized by Meyers et al. (1992),

Ny = 10%exp(—0.639 + 12.965,,;)

where Njy is nucleated ice nuclei, and S,,; is supersaturation for solid wa-
ter. While this scheme is widely used in CRMs (e.g., Walko et al. 1995; Khain
et al., 2000; Seifert and Beheng, 2006), this scheme could not be acceptable for
conditions at temperature below -20 degC or supersaturation over 0.25 where
observational data were not available in their study. For simulating cirrus clouds
around the tropopause, application of this scheme to CRMs may cause signif-
icant error. Phillips et al. (2007) proposed an alternative scheme to modify
Meyers ' s scheme by fitting to observational data at temperature between -30
degC and -80 degC taken by Demott et al. (2003),

Ny = 10%exp[0.3 x 12.96(S; — 0.1)] (8.268)
In this study, the nucleation rate is formulated by the newly nucleated ice

nuclei with the tendency of supersaturation in the same manner as Murakami
(1990),

ONINn OSso 980
ANi [ S35 (S > 00nd > 0) o0
At 0, (else)
aSsol aSsol 8S90l or
o { )(@)RAD}
AL;
At lnuc - At nucxIN (8270)

where 27y = 107'2kg is an arbitrary parameter for a nucleated ice nuclei
mass. Here, we assume the change of supersaturation comes from the vertical
motion of airmass and the radiative cooling. Meyers ' s scheme produces the
number concentration of cloud ice more than Phillips * s scheme, and the de-
parture becomes large as supersaturation increases. This difference would come
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from the sampled air masses used in observational data that their schemes re-
ferred to, and also implicit dependencies of their schemes on temperature and
aerosol species. It is expected that Phillips ' s scheme is appropriate for the
simulation of mid-latitude cirrus clouds because Phillips ’ s scheme is based on
the air mass sampled in the free troposphere at the mid-latitude while Meyers’
s scheme is based on the air mass sampled in the atmospheric boundary layer
where ice nuclei is rich.

Freezing

The freezing process consists of two types of mechanisms. One is the homoge-
nous freezing which is freezing of supercooled water droplets for themselves
without the other agents. Another is the heterogeneous freezing, which is freez-
ing of supercooled water droplets with insoluble part of aerosols dissolved in
cloud droplets. We apply the same parameterizations of both the homogeneous
freezing and the heterogeneous freezing as Seifert and Beheng (2006a). Cotton
and Field (2002) parameterized homogeneous freezing rate for a single droplet
by a fitting to the theoretical estimation by Jeffery and Austin (1997). We apply
their parameterization as Seifert and Beheng (2006a),

1 Ofc(x)
fc(l‘) ot hom

= _thom(Tc) (8271)
where Jpom is a homogeneous freezing rate (kg~'s™!) and T, is centigrade
temperature. Jpom is formulated as a function of temperature as follows,

25.63 — 243.4 — 14.75T, — 0.307T2, (—65°C > T,)
10910(10 3 Jhom) = {  —0.00287T3 — 0.0000102T%, (—65°C < T, < —30°C)
—7.63 — 2.996(T, + 30), (—30°C < T,)

Based on the equation for a single droplet, we can derive the equation for
moments by integrating eq.8.271 as follows

ON, i
8tc hom = —Lcdhom = —NeZedhom (8272)
8LC T ve+3 T vet+1l
= —Z.Jhom = _L(;C)Lcjcjhom (8.273)
Ot lhom F(VC+2)
ll’C

Here, we mention that eq.8.272 and eq.8.273 are expressed via filtered Z.
in order to avoid artificial value of the prognostic variables. The homogeneous
freezing for rain is not considered because it is negligible compared with the
heterogeneous freezing due to their largeness. Although Cotton and Field (2002)
considered also freezing point depression in freezing due to soluble aerosols, we
don’ t consider the effect because Seiki and Nakajima (2014) is not yet coupled
with aerosol transport models. Heterogeneous freezing is based on the empirical
formulation by Biggs (1953) which is widely used in CRMs.

1 of(x)
) o = —xJpet(Te) (8.274)
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where Jy¢ is the heterogeneous freezing rate. Jy.¢ is formulated as a function
of temperature as follows,

Jhet = Ahetexp(_BhetTc - 1) (8275)

whare Aper = 0.2kg 's™! and Bper = 0.65K ! are empirically determined
parameters. Similar to the homogeneous freezing, we can derive the equation
for moments as follows,

ON;
8tl = ~NaZalher (il =c,r)sn126) (8.276)
et
oL ey
e = e e (= er) (827
il

Although the heterogeneous freezing should be also formulated as a function

of aerosol concentration, here we apply simple formulation because our model
is not yet coupled with an aerosol transport model.
Thus, these parameterizations don’ t include the information of aerosols and it
is considered that they assume background aerosols. The validity of the param-
eterization was demonstrated by Khain et al. (2001). Nevertheless their model
also applied the same simple freezing parameterizations, they could represented
the observational features of supercooled liquid water by Rosenfeld and Woodley
(2000). Both freezing rates are shown in Fig. 8.10. The heterogeneous freez-
ing is dominated at temperature over -35 degrees Celsius. At the temperature,
supercooled liquid water is mixed with ice particles. In contrast, the homoge-
neous freezing rate suddenly increase below -35 degrees Celsius. Liquid water
droplets have been hardly observed below the temperature of -40 degrees Cel-
sius (Rosenfeld and Woodley, 2000). The feature can be represented by using
the parameterization.

Melting

Melting process is the same as Seifert and Beheng (2006a) based on Pruppacher
and Klett (1997). Theoretical treatment of this process is similar to the con-
densation process. The differences are

1.Time scale of evaporation of a single particle is replaced by that of fusion of
a single particle.

2.Vaporization of melted particle is considered in a balance equation of vapor
and thermal diffusion.

As a result, the melting rate of a single ice particle is described as follows,

dxjg 271'ng DT
- = — ——|Kp(T'—-1Ty)—F, ;
dt |mit Lfo |: T( 0) DU Uf(xJS)
DvaO Do psw(TO) . .
— (= ——)F, js ] =4S, 2
+ (G T ) Fula)| (s =iys,g) (8.278)

where Dy is diffusivity of heat, and Ty = 273.15K is melting point. The
growth rate of moments can be formulated by using a melting time scale 7,
defined as follows,
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_QL[KTDT Dy Luo . M)}
Lfo D, R, T T

X stDjs(i'js)x?s_lpvf,js (8280)

(T —Tpy) +

We mention that this scheme allows the existence of ice particles over the
melting point (7' > 273.15K) since the melting time scale of large particles can
be longer than a simulation time step. Actually, ice particles are transitionally
converted into liquid droplets and the type of hydrometeor is not changed in the
transition. However, here we assume that ice water mass is converted into liquid
water mass in a certain melting time scale and the part of liquid water mass is
categorized as the other hydrometeors. Here, graupel and snow is converted into
rain, and ice is converted into cloud. This formulation has a possibility to cause
an artificial production of cloud or rain in melting. Validation experiments and
impact assessment are necessary in future.

Collection process

The collection processes are the same as Seifert and Beheng (2001), Seifert and
Beheng (2006a) and Seifert (2008). The collection processes among hydrom-
eteors are summarized in Table 8.5. In this section, the formulations of the
collection processes, auto-conversion, accretion, aggregation, riming, and their
related processes are described.

Table 8.5: Hydrometeors that result from binary collision. Collecting hydrom-
eteors are written in the 1st row and collected hydrometeors are written in the
1st_column.

cloud water rain cloud ice snow graupel
cloud water rain - - - -
rain Tain Tain rain(T > 273K), graupel(T < 273K) _rain(T > 273K), graupel(T < 273K) _rain(T > 273K)
cloud ice cloud ice - Snow - -
snow snow - - snow
graupel graupel  graupel(T < 273K) graupel graupel

Self-collection, auto-conversion, and accretion

With a few assumptions and a little algebra, Seifert and Beheng (2001) derived
the analytical formulations of the self-collection, auto-conversion, and accretion
processes as follows,
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% autrsle e EZZ i i; p?? : (8.281)
aaLtC aut _2]865* = 52 )+(V1)2+ Doz (8.282)
aé\tic ot %aalf » (8.283)
8&7” out _%aé\t]c aut _;1*65{: aut (8.284)
aéic e "fcv'Nch(%)l/2 (8.285)
aéc e —kcrLch(%)l/Q (8.286)
6é\t77- v —k:rrLrLr(%)l/2 (8.287)

with k.. = 4.33m3kg~'s~!, and where density factors are introduced by
Seifert and Beheng (2006a) in order to correct the effect of terminal velocity
on the collision efficiency. In addition to the analytical derivation, Seifert and
Beheng (2001) made corrections depending on the development stage by us-
ing the dimensionless internal time scale. Since moment bulk methods cannot
represented complicated changes of high-order moments, the corrections are
necessary as DSD undergoes evolution by the collection processes. Firstly, the
auto-conversion rate is represented by 7 by substituting eq.?? to eq.8.282,

@ ke (Ve 2)(ve +4)
Ot laut 200  (ve+ 1)2

201 - 72) (8.288)
P

The assumptions used in the derivation of eq.8.288 are valid for the initial
stage of collisional growth. Therefore, the additional collection by a universal
function @g,: was introduced by Seifert and Beheng (2001) as follows,

ot kee Wet+2)(ve+4)po 5.0 o )
a aut  20x* (Z/C 4+ 1)2 ?xCLCxC [(]‘ -7 ) + (baut('r)] (8289)

Similarly, the correction for the accretion rate is also made by a universal
function ¢gee,

or
ot

acc

- kcrL(%O)”Q(l — )T ace(T) (8.290)

In contrast to the correction for the auto-conversion rate, the assumptions
used in the derivation of the accretion rate is valid for the mature stage of the
collisional growth. Therefore a correction function is multiplied so that ¢gq:
becomes zero for the beginning of the collisional growth and one for the mature
stage of the collisional growth. Here, it is recognized that the growth rate of the
dimensional internal time scale is proportional to LWC in eq.8.289 and eq.8.290.
Therefore, the parameterizations developed by Seifert and Beheng (2001) satisfy
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the similarity included in the SCE. Finally, the universal functions are derived
by fitting to the results by a bin cloud microphysics model,

Gaur(r) = 4007%7(1 = 707)3 (8.291)
Pace(T) = (W)4 (8.292)

These functions are shown in Fig.8.9.

Here, we mention that the fitting curves of the universal functions highly depend
on the calculation by a bin cloud microphysics model. In fact, the functions pro-
posed by Seifert and Beheng (2006a) were modified from the original functions
by Seifert and Beheng (2001) with the progresses in the estimation of the collec-
tion kernel. We have to update the parameterizations when more sophisticated
collection kernel will be estimated than the one used by Seifert and Beheng
(2006a)

Break-up

Large rain droplets are not always stable in the collision process. It was ob-
served that large rain droplets could break up into many small droplets after
the collision ( Low and Lists, 1982 ). Collisional break-up sustain mean droplet
size so as not to grow extremely larger and cause strong precipitation. As dis-
cussed by Hu and Srivastava (1995), the system of collision, coalescence and
break-up reaches the equilibrium condition between coalescence and break-up
after the sufficient long time. Consequently the form of the DSD of rain is led
to the self-similar equilibrium DSD with the equilibrium mean diameter Deq
. Seifert and Beheng (2006a) simply parameterized the break-up process as a
relaxation of the DSD with the mean diameter more than Deq to the self-similar
equilibrium DSD.

ON,
ot

ON,
ot

= - [(ybbrk(ADr) + 1]

(8.293)

brk sle

where ¢p,1 is a universal function of break-up, and AD, = D, ng, D,
is the mean volume diameter of rain, with D., = 1.1mm according to Seifert
(2008). The universal function was derived by a fitting to the results by a bin
cloud microphysics model based on ( Seifert et al. 2005 ), and formulated as

follows,

_ 2€$p(/i§rkAD ) L (Q D )
¢brk(ADT) = Kprk AD, + 1, ( Z_ D, >0.35 x 10~ m) (8294)
~1, (0.35x 10~% > D)

with kprr = 2.3 x 103m ™!, and kpr, = 1000m~'. For the mean volume
diameter less than 0.35 x 10~3m, break-up is neglected.

Mixed-phase collection

In the previous sections, the collection processes are limited for warm cloud. In
this section, the collection processes among mixed phase clouds are described.
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In contrast to warm cloud, there exist many kinds of particles in cold cloud as
discussed in section 2.1. Since the variety of the shape and their coexistence
condition differs case by case, there are no systematized theory, observation,
and experiments for the mixed phase collection processes. Therefore, Seifert
and Beheng (2006a) proposed a general formulation of the collisional interac-
tions among hydrometeors starting from the simplification of the SCE. Due to
the variety of the types of hydrometeors, the patterns of the interaction are
categorized into following five cases.
1.A particle of hydrometeor” a” collects b” and then the collecting particle
“ a” grow. This pattern is corresponding to the collision between ice and cloud
(ic), snow and cloud (sc), graupel and cloud (gc), snow and ice (si), graupel and
rain (gr), and graupel and snow (gs).
2.A particle of hydrometeor* a” collects" b” and then the other particle" ¢
is produced. This pattern is corresponding to the collision between rain and ice
(ri), and rain and snow (rs).
3.A particle of hydrometeor* a” collects” a” and then the other particle” b”
is produced. This pattern is corresponding to the collision between ice and ice
(ii).
4.A particle of hydrometeor* a” collects" a” and then the collecting particle
“ a” grows. This pattern is corresponding to the collision between snow and
snow (ss).
In the following sections, we introduce the derivation of the mixed phase collec-
tion corresponding to the five cases.

The collision case 1: a+b — a

In contrast to the SCE for warm cloud, the production term and reduction term
are slightly different in the binary collision between two types of hydrometeors.
The reduction term of the hydrometeor* b” and the production term of the

hydrometeor” a” are described as follows,

o )

fgf’) oy /0 fo(y) fa(2) Kap(, y)dx (8.295)
o 0o

fggy) col.ab B A fa (l’ B y)fb(x)Kab(‘r - Y ’y)dl’

- /O N fa(@) fo(y) Kap(z, y)dy (8.296)

Here, the formulation of the collection kernel is often described by the swept
volume of large particle as follows,

™

Kab(xa y) = Eab(xa y) 4

2
[Da(x) + Db(y)] [Ut,a(x) - ’Ut,b(y)] (8297)
where Eg; is the collection efficiency, D; and v;; are diameter and terminal

velocity respectively. We can derive the growth rate of the kth moments by
integrating eq.8.295 and eq.8.296,
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oM}

- / / Fo®) fa(2) [Da() + Do(y)]

ot col,ab

x Jvea(®) = vep(y) | Bay(@, y)y* dedy (8.298)
8Mf o 0o oo )
ot leotav 4 /0 /O fa(@) fo(y) [Da(z) + D ()]

X |vea(®@) — vep(y) | Ean(z,y) [(z + y)*F — 2F]dzdy (8.299)

Here, the difference of the terminal velocities, and the collection efficiency in
the integrand make the analytical integration of eq.8.298 and eq.8.299 impossi-
ble. In the past, many researchers have made effort to express the integration
by approximation. Seifert and Beheng (2006a) achieved the integration by using
the approximation proposed by Wisner et al. (1972) with some improvements.
Hereafter, we only demonstrate the equations for the Oth moment N and the
1st moment L.

aLb ~ _7T— 3
W col,ab - Z abAUt’ab
< [ 0@h) D) + Do) ydady (300
0 0
oL, om o [ 2
ot - *EabAUt ab fa(x)fb(y) [Da(x)+Db(y)] ydxdy
col,ab 4 ’ 0 0
oLy,
= -5 (8.301)
8Nb ~ T = ) >
W col,ab o 7ZEabAvt’ab/0
<[ 1@ ) [Dale) + Dofw)]*dady (8.302)
0
ON, B
ot col,ab =0 (8303)

where Eg;, is the mean collection efficiency, and Av_fab is a characteristic
velocity difference. Thus, the integrand are transformed so as to be integrated
analytically and the problems result in the evaluation of E,, and AvF _,. Some

cloud microphysics schemes evaluate Av_fab as the approximation proposed by
Wisner (1972),

Av;k,ab = |5Mgc (Za) — Opgp ()| (8.304)

The characteristic velocity difference is simply approximated by the differ-
ence between the mass weighted mean terminal velocity of the hydrometeors.
This is equivalent to the physical assumption that all the particles are falling
with the same terminal velocity equal to the mass weighted mean terminal ve-
locity. However, as pointed out by Seifert and Beheng (2006a), the formulation
underestimates the term for the similar mass weighted mean terminal veloci-
ties even though larger particles preferentially collect smaller particles due to
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their differences of the terminal velocities. Seifert and Beheng (2006a) applied
an alternate approximation in order to avoid the abovementioned problem as
follows,

I 0 vea(@) — v (y)2 D2DE fu(@) fo(y)y*dady 1 1/2
fooo fooo D?ZDgfa(a:)fb(y)y’fda:dy

The integrand can be integrated straightforwardly assuming the diameter
and the terminal velocity follow power laws as given in section 2.1. Here, we
apply the equivalent projected area diameter in contrast to the maximum di-
mension applied by Seifert and Beheng (2006a),

Avk = | (8.305)

D = Do(x)= (%A)UQ = apa®® (8.306)
4 baa:
ac = (;aaw)l/Q; bo = 7

Since the diameter is used in the calculation of collisional cross section,
maximum dimension overestimates collisional cross section for needle or column
like crystals. Firstly, the denominator in eq.8.305 is transformed as follows,

/ / D% Dy fo(@) f5(y)y" dudy
0 0

_ 2 2 MQbC’aMbeC'b+k
a

ac,ac,
= D¢.o(2)DZ,(5)7"
) F(2bc,a,l;§:a+1) F(%C’thJFIVQJrl)
)
ig%;rbc,a FE{.};}%J’M s.307

Secondly, the numerator in eq.8.305 is transformed as follows,
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/ / Vea(®) — Vs ()] D2y D2y fu () foly)y dady

2bc,a+2by,a
ac acb [ M

2b k 2b, by btk 2b, 2b, p+k
+ Mb c,bt _2av,aav,bM3bc’a+b“‘aMb c,b+by, b+ +a12;,bMa2bc‘aMb c,b+2by b+ ]

= D, (2)DZ(9)7"
L (7)F(2bc,a,+2l;:;a+va+l)F(Zbc,b+uka+va+1) F(w)}zbc’"'+2bv’a{r(vztl
v a €T Vg Vg Vg Tl vef2Y)
: () L) r(ss) F(e
T 2bc,a+bv,a+va+1) F(ch,b+bv,a+k+va+1)
= 20;.4(Z)vep(Y) U“ vfl‘“
P ()
y {F(Ua::)}%c,a+bv,a[F(Ul;;:;>}2bc,a+bv,b+k
T(%27) r(%.7)
. UQ (g)F(ch,a::)a+l)F(Zbc,b+261ﬂz+k+va+1) I—\(U(L_l.l)}%ca
t,b Vg Vg Va
r(%5) I(25) [(22)
o e
=
Mo

Finally, the characteristic velocity difference are derived by substituting
€q.8.307 and eq.8.308 into 8.305,

Avk,, = [0007,(2) = Ohva(@es(@) + 0502s]* (3.309)
F(ch a+2bnuz+k+va+1) |:F(Ua+1)
F(ch,nJerjanrl) I‘(Ub+2)
F(ch,a,_"bv,a,“rva"rl) F(ch,b+bu,b+k+vb+1)
951; = 2 F(2bc,alf:va+1) F(Zbc,bJrl;ﬂbJrvbJrl)
Ha 1223
F(U‘ZL:I)}M,Q {F(Ul;:l) bub
D(w£2)) lr(=s)

Ho

0y =

[2boasn (8310)

X

(8.311)

Here, it is noticed that the notation* ab” in #%, is not symmetric because 6%,
is weighted by the mass of collected particle to the power of* k” . Integrations
in €q.8.300 and eq.8.302 are similarly calculated as follows,
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/ooo /O°° fa(@) fo(y) Da(@) + Dy(y)*y*da

2 2b k b be vtk 2 04 2bc, btk
= aCaMa Ce My + QGCaachaC'“Mb + aCbMaMb

= 09D% (&) NoM§ + 65, Dc.a(2) Doy (57) NaNog*

+ 0y D2y (§) NaNoy* (8.312)
T 2bc p+k+v,+1 T vo+1 9 Tk
55 _ ( Ha ) ( Ha )j| bC,a (8313)

M) o)

F(bc,a+va+1)F(bcﬁ’”“b“) I(vatl) bc,a[r(vb+1)}bc,b+k

5y, = 2—— -t e e — Sl (8.314)
' F() TR e )

Here, 551) is also asymmetry in“ ab” as 951;' Finally, the growth rates of the
prognostic moments are represented as follows,

aLa ™ = _ B B B
O lecol.ab = ZEabNﬂLbégD%’,a (:Ca) =+ 5ébDC,a(ma)DC,b(zb) + 5}1D%’,b($b)
X (0507 1 (Za) — O%y0r.a(Ta)ven(Tn) + 0507, (Ts) + 00 + 03](€2315)
oLy OL,
ot = - 8.316
ot col,ab ot col,ab ( )
ON, T = 0o 0 - B 0o
9 leotab ZE“bNaNbéaDcvﬂ(x“) + 6ap D0 (Ta) Do (Tn) + 6y Dy ()
X [egvia(ja) - Hgbvt,a(ja)vt,b(i'b) + 98”2},(@;) + 04+ Ub]<1g.2317)
ON,
Ot lcol,ab =0 (8318)

where o, and o} are constant variances due to the probabilities of the ter-
minal velocity of particles. Seifert and Beheng (2006a) proposed the concept to
mimic an introduction of the effect of turbulence to the collection kernel with
the use of the constant variances. The constant variances are only applied to
ice and snow with o; = o, = 0.2ms™! while no variances are assumed for the
other particles.

The collection efficiencies of ice particles

The collection efficiencies of ice particles are poorly understood due to their
varieties and the lack of the systematic observations. In addition, the efficiencies
cannot be approximated by power laws. Therefore, Seifert and Beheng (2006a)
described them in a simple way. The collection efficiency E,;, can be decomposed
into two part of efficiencies, the collision efficiency E.,; and the sticking efficiency
FEgtick- This means that two particles stochastically collide each other with
E.o;, and then they stick each other with Eg;.x. It is considered that the mean
possibility of collection E,; is parameterized by the multiplying E.o; by Essic-

Eub = Ecol,ab X Estick,ab (8319)
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The mean collision efficiencies of each gydrometeor are given as follows,

Ecotay = FEeota X Ecotiryp (8.320)
0, (De < Dep)

Beole = & %%, (Dep < Do < Dey) (8.321)
1, (Deq < D)

Eeory = 1 (8.322)

= _ { 0, (Djs < 150nm)

ECOIJS Ecol,maz,j57 (Djs > 150nm), (]S = Ls,g) (8323)

~ with Deo = 15um, D1 = 40um, Ecoimaz,i = Eeol,maz,s = 0.8 , and
Ecol,maz,g = 1.0. Furthermore, the mean collision efficiency of one is assumed in
the collision between rain droplets and ice particles, and the collision between
ice particles. These values are so empirical that further investigations and as-
sessments are required.

The sticking efficiency is considered only in the case of the collision between
ice particles. Otherwise, the efficiency is assumed as one. It is known that the
stick efficiency depends on the enviromental condition around ice particles and
the shape of ice particle (Pruppacher and Klett, 1997). Ice crystals with many
branches are likely to stick each other. In addition, the ice particles under wet
conditions are also likely to coalescence because of the surface condition of ice
particles. Since these dependencies of the stick efficiency are poorly understood,
some simple formulations were proposed by past researchers. Lin et al. (1983)
proposed the following formulation,

5 _ [ exp[0.09 x T], (T. <0°C)
Esicr(T) = { 1 (T, > 0°C) (8.324)

In contrast to their formulation, Cotton et al. (1986), proposed an alterna-
tive formulation based on observations (Hallgren and Hosler, 1960) as follows,

Estick(Tp) = min(10°-03°5(1»=273.15)=0.7 () 9) (8.325)

where T}, is particle surface temperature. They also diagnosed the departure
of particle surface temperature from the enviroment due to phase change in
the calculation. In addition, their formulation has a upper limit to reduce the
efficiency as observations showed. In a similar way, Khain and Sednev (1996)
proposed a formulation based on other observations (Hosler et al., 1957; Rogers
et al., 1974). Their formulation also depends on vapor pressure as follows,

Estick = mln(éE;}l7 1) (8326)
SE = max(as+ bsT. + csT2 + dsT?,0) (8.327)

with as = 0.883, bs = 0.093, ¢5 = 0.00348, and ds = 4.5185 x 10~ °. In this
study, the formulation proposed by Lin et al. (1983) is applied following Seifert
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and Beheng (2006a). These efficiencies are shown in Fig.8.10 with the various
obeservation data from Pruppacher and Klett (1997). The further investigations
and assessments are necessary to determine which one is better than others
although there are less information for making a decision.

The collision case 2: a+b — ¢

The case is the same as the case 1 except for the growing particles.

0

% col,abs - / fb f“ ab(w y) (8328)
Ofa

% col,abs - / fa fb ab(ll? y) ) (8329)

Similarly, the growth rates of the prognostic moments are derived as follows,

aL ’]T — —
- = —;Ealv]
ot col,ab b vt ab
X / / fa(2) fo(y)[Da(2) + Dy(y)]Pxdzdy  (8.330)
oLy
— = —fEa Avl
ot col,ab 4 b vt,ab
< [ R@h@IDu@ + D) Pydedy (8331)
0 0
ON, 8Nb T
8t ‘Col7ab = COl ab_ - 4 abAvt ab
X / / fa(x) fo(y)[Da(x) + Dy(y)|?dzdy  (8.332)
ON, B
W‘col,ab N (‘3t col,ab (8333)

Finally, the equations are transformed by using the approximations as fol-
lows,
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oL,
ot

col,ab

0L,
ot

col,ab

o,
ot

col,ab

ON,
ot

col,ab

I
== _ZEabNaLb
X [60DZ o(Za) + 00y Dea(Ta) Doy (Ty) + 03 DE 4 (T0)]  (8.334)
X [Govt o(Ta) — G;bvt,a(fa)vt,b(jb) + Ogvib(i‘b) +0a+ Ub]1/2
= _ZEabNbLa
X [0y D2 (T6) + 04y Dia(Ta) Dop(To) + 0,D% o (Ts)]  (8.335)
X 0007 (Tn) — Ohve.a(Ta)ve () + 0507 4 (T0) + 00 + 0]/
m -
- _ZEabNaNb
X [09DZ o(Za) + 00y De,a(Ta) Doy(Ts) + 65 DE o (T)]  (8.336)
X [QOUt a(Ta) — egbvt,a(ja)vmb(ib) + ngia(ib) +0a+ Ub]1/2
= _ZEabNaNb
X [50D%« a(fa) + §2bDC,b(fa)DC,b(fb) + 5}?D%7b(fb)] (8337)

< 0007 4 (Ta) — O veb(Za)ves(Ty) + 0907, (T0) + 00 + 0]/

The collision case3: at+a — b

In the case, binary collision between particles in the same hydrometeor is con-
sidered. All the pairs in the collision turn into the other hydormeteor as follows,

Ofa(w
ll (l (l(l 8.338
8t rolan / fa(@) fa(y) Kaa(z, y)dy (8.338)
The growth rate of the prognostic moments is as follows,
oL, T
= **EaaNaLa
ot col,aa 4
X JgD%’,a(g_Ca) +5;aD%’ a(ja)
X 0007 o (o) — 0207 o (Ta) + 204 (8.339)
ON, T
A == **EaaNaNa
ot col,aa 4
X 260D% 4(Za) + 00, DE 4 (Za)
X 20007 4 (Za) — 09,07 o (Ta) + 204 (8.340)
0Ly 0L,
—_ = - 8.341
ot col,aa ot col,aa ( )
ONy 19N,
—_— = —= 8.342
ot col,aa 2 Ot col,aa ( )

The collision case 4: at+a — a

In the case, self aggregational growth is considered. In the aggregation, the
number concentration of the hydrometeor* a” decreases under the conservation
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of the mass concentration. The basic equation is the same as the case 3 except
for the absence of the other hydrometeor.

ON, 17 -
= *7*EaaNaNa
ot 24
X 252D%,a(ja) +5gaDé,a(i'a)

/2

X

20007 (Za) + 00,02 (Za) + 204"

t,a

(8.343)

The secondary processes

There are several secondary processes associated with the mixed phase collec-
tion. Here, we briefly describe them following Seifert and Beheng (2006a).

Enhanced melting

We assume that the particle temperature is the same as the enviromental tem-
perature. However, the melting process allows the existence of ice particles
under the warmer condition than the melting point. In the riming process un-
der the condition, coalescence of a liquid droplet uniformizes the temperature of
colliding two particles. Subsequently, the temperature difference between a ice
particle and a liquid droplet are compensated by the latent heat relase of the
ice particle. In our model framework, since the category of wet ice particle is
not considered, the melting part of a riming particle is accounted as the produc-
tion of a liquid droplet. The melting rate by the riming process is formulated
following Rutledge and Hobbs (1984),

8Ljs o C1TC 8Lj5
ot eml_ Lf() Ot lcol

(T. > 0°C), (js=1,s,9) (8.344)

Here, the reduction rate of number conentration is treated similarly to the
melting process,

ON;.| 1 OL;,
Ot lemil o ffjs ot leol

(8.345)

Partial convesrion

According to Seifert and Beheng (2006a), a riming particle becomes a densely
rimed spherical particle as soon as the collected liquid droplet fills up the envelop
of the collecting ice particle. The produced densely rimed spherical particle is
categorized as graupel. Here, we consider that the volume difference between
a ice crystal or a spongy ice particle and its enveloping sphere is filled by the
collected liquid droplet. The critical liquid droplet mass Z¢rit,pcon is estimated
by the geometry of ice as follows,

B T~ Tjs . .
xcri@pcon}js - afilhjspw(gD?s - pj ) (]8 =1, 5) (8346)
e
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where ay;y is the so-called filling coefficient, p. = 900kgm =3 is density of
ice. The filling coeflicient is the criterion to categorize a ice particle as graupel
by its dense. Tentatively, azsi;, ¢ = 0.68 and ayy;, s = 0.01 are set by Seifert
and Beheng (2006a). This means that snow is categorized as almost unrimed
ice particles. The characteristic conversion time scale T pcon is estimated by
the growth rate of mean particle mass by the riming process as follows,

jcrit,pcon,js
T, ¢ = ——————— 8.347
pcon,js 1 aLjs ( )
st ot

rime

Finally, the conversion rates of riming particles into graupel are derived by
using the characteristic time scale.

oL L; T oL ;

g _ IS i (— js (8.348)

ot pcon Tpcon,js Lcrit,pcon,js Ot lrime

Tjs [ Pw T3 1 } -1
_ = |apinjs—(=Dipi— — 1 8.349
Lerit,pcon,js Fill.gs Pe (6 iPi Tjs ) ( )
The conversion rate of number concentration is as follows,
ON, 1 0L
g =3 (8.350)
ot pcon Tjs ot pcon

The conversion coefficient of riming particle Z/Zcrit pconw 1S shown in Fig.8.11.
In this formulation, small ice particles are likely to convert into graupel in rim-
ing because small ice particles have simple geometry and are almost sphere. In
order to suppress the conversion of small ice particles, partial conversion are
limited to ice particles with the mean diameter of more than 500 um.

Ice multiplication

It has been observed that the number concentration of ice particles can be
up to several orders of magnitude larger than ice nuclei in atmospheric cloud
(Pruppacher and Klett, 1997). Among the possible mechanisms to explain the
fact, the Hallet-Mossop mechanism has been received in many literatures and
widely applied in cloud microphysics schemes. The Hallet-Mossop mechanism
is based on the fact that ice splintering occurs when many liquid droplets are
collected by graupel. Cotton et al. (1986) applied the formulations based on
the observations by Hallet and Mossop (1974), and Mossop (1976). Hallet and
Mossop (1974) reported that approximately 350 ice splinters were produced for
every 1073¢g of rime accreted by a graupel at -5 degC. The parameterization is
formulated with the temperature correction fl in the units of mks as follows,

ON; oL
: 350 x 10° T SAd
ot spll,js x x fl( ) x ot rime,js

0, (T >< 270.16K)
£(T) = L=268.16 © (270.16K > T > 268.16K)
! - L=20816  (268.16K > T > 265.16K)
0, (265.16K > T)

» (s =1,5,9)(8.351)

(8.352)
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The splintering mass concentration is assumed as follows

oL _ ON.

=T
ot spll ! ot spll

(8.353)

On the other hand, Mossop (1976) reported that approximately one ice crys-
tal was produced per 250 drops larger than 12 um radius accreted onto a graupel
at -5 degC. Here, since it is difficult to calculate the number concentration of
riming cloud droplets larger than 12 pm (Nyime,), we assume simple relation-
ship following Cotton et al. (1986) as follows,

Nrime,c Nc (Vc+ 1

~ — = Q _—
Nrime,c Nc e

,T12) (8.354)

where Q is the complement of the incomplete gamma function, and i
is the droplet mass with the radius of 12um. With the above relation, the
parameterization is formulated with the same temperature correction function
in the units of mks as follows,

N, OL;,
L. ot

JN; 1
ot spl2,js_%Xf1XQx(

), (js=1,s,9) (8.355)
rime,js
In contrast to Cotton et al. (1986), we evaluate the incomplete gamma
function with an accurate approximation by Press et al. (2007). The splintering
rates of mass concentration is assumed as follows,

oL __ON,

=X
ot spl2 ! ot spl2

(8.356)

Here, it should be noticed that we may double count the ice multiplication
process due to the Hallet-Mossop mechanism by using the two formulations.
Those two formulations may be two independent processes or the interpretations
of the same process in different two development stages. Since the process is
poorly understood by the lack of observation, the assessment of the process by
a set of sensitivity studies is necessary in the future.

Appendix of Seiki and Nakajima (2014)
The k-th moment of generalized Gamma distribution

The kth moment of the DSD frequently appear in the equations of cloud mi-
crophysics. In this section, derivation of the kth moment of the generalized
Gamma distribution is described. The generalized Gamma distribution is de-
fined as f(x) = azvexp(—Azpu). There are four parameters in this generalized
Gamma distribution but only two prognostic moments in a CRM; the number
concentration N and mass concentration L. Hence p and v are set constant pa-
rameters so that the other coefficients o and A can be related to N and L as
follows.
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Figure 8.5: Left figure shows the modified Gamma distribution for various shape
parameters 4 m. Center figure shows the scatter plot of shape parameter and
mean volume diameter for various initial conditions. Gray dots are from cloud
model, dotted line is parameterization of Milbrandt and Yau (2005) and dashed-
dotted line is that of Seifert (2008). Right figure shows the scatter plot of
evaporation parameter and shape parameter. These are from Seifert (2008).
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Figure 8.6: Dependency of maximum number concentration on updraft velocity
in ascending air parcel. These are based on a Twomey equation with various
CCN conditions. Aerosol activation spectrum refers to eq.8.259.
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Figure 8.7: Timescale of condensation for cloud droplets at maximum num-
ber concentration in ascending air parcel. Experimental design is the same as
Fig.8.6.
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Figure 8.8: The dependencies of the homogeneous freezing rate (dashed line)
and the heterogeneous freezing rate (solid line) on centigrade temperature. The
freezing rates are in common logarithmic scale.
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(a) Universal Function of Auto-conversion (b) Universal Function of Accretion
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Figure 8.9: The universal functions of (a) auto-conversion and (b) accretion as
a function of the dimensionless internal time scale.

(a) Pruppacher and Klett (1997), Figl4-18 (b) Model parameterizations
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Figure 8.10: The dependency of stick efficiencies on centigrade temperature.
The stick efficiencies by (a) the various observations from Pruppacher and Klett
(1997) and (b) model parameterizations.
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Figure 8.11: The coefficients of partial conversion. Solid line shows the coeffi-
cient of ice, and the line with symbol shows the coefficient of snow.
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M°=N = a/ x¥exp(Az)dx
0
o o0
- = (v+1)/p—1 _ = AP
= /\(V'H)/“,U/o y exp(—y)dy, (y = Az")
« v+1
= =T ( ” ) (8.357)
1 - « v+1
M'=L = o ( . )
Then « is expressed as,
oo NM)\(VH)/M _ Lu)\(”+2)/“
L(40) L)
and then we can derivev A\ and «,
I‘(V+1) —p uN
_ I = _ (v+1)/
Af[r(ig)} x“andafir(ﬂ))\ z (8.358)
I I

where & = L/N define the mean particle mass. Here we can rewrite the
generalized Gamma distribution by using N and L in following form,

e u T
el

Fa) = % )r+1

)

The kth moment of DSD is now given by the expansion of eq.8.357 and by
using eq.8.358,

(v +2)/p) zyu
exp[—[m "] (8:359)

vE2
I

v+l
I

Mk

(kL) p(utl
B F((jfl ){PE”Z”;FW? (k € R) (8.360)

~—

8.3.3 Spectral Bin Model(SBM)Kentaroh et al. (2010)

The Spectral Bin Model (SBM) was developed by Suzuki et al. (2010)Kentaroh
et al. (2010). The model forecasts Size Distribution Function(SDF) of 7 types
hydrometeors (liquid, plate-ice, columner-ice, dendrite-ice, snow, graupel, and
hail).

The SBM calculates mass density of the 7 types of hydrometeor and 1 type of
aerosol as their SDFs. The SDF of aerosol can be changed by advection and
acvitvaiton (i.e. nucleation from aerosol to cloud) process. The SDF of hydrom-
eteors can be changed by several growth processes (i.e. activation from aerosol
to cloud, condensation/evaporation, collision/coaguration, freezing/melting, ice
nucleation, riming, aggregation, advection, and gravitational falling).

The time evolution of SDF (number density) of aerosol (f,(m,t)) and SDF
(number density) of hydrometeor (f.(m,t)) are shown as equations:
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af (m, 1) af£.”><m,t>]

— (1) (1)
ot Adv [fc (m7 t)] +Grav [fc (m7 t)] + { ot cloud mlcr(gghgg:iz
dfa(ma;t) _ Ofa(ma,t)

ot = Adv [fu (mth t)] + Grav [fa (ma7 t)] + |: ot :| cloud m,icroph(g%i%?z)

where p shows type of hydrometeor (the 7 types), Adv[], Grav]]) shows
change of SDF by the advection and the gravitational falling.

cloud microphycis
shows changes of SDF by the cloud microphysical processes.

The time evolution of f{* (m,t) and f,(m,t) are shown as:

afc(-”) 7 Bf(”) ’ 8f(,('#) 7
[ 8(tm t)}cloud microphysics - { 8(7fm t)j|activation + [ 8(tm t):|cond/evap
o (m.
+ [ ! B(tm t):|coll/coag/rim/agg
(k) (1)

+ [afc a(tm t)} gre T [WC agsmj)}melt

{8fa(ma,t)} _ {8fa(ma7t)}
ot cloud microphysics ot activation

where [ } show change of SDF by each cloud growth processes. The detail

of these procnges will be shown later.

The change of SDF's by advection and gravitational falling (i.e. first and second
term of eq. 8.361, and 8.362 ) are calculated by dynamical core of SCALE-LES3
shown in section 3.

Discretization of Size Distribution Function(SDF)

The SDF of aerosol and cloud is predict as mass density of each particle size

(ga(ma), g£“ ) (m)). However most of equations are given as equations of number

density of cloud/aerosol ( () (m,t), fa(ma,t)), the mass density of cloud/aerosol

are transferred to number density of cloud/aerosol (gq(ma,t) = Mmaga(ma,t),
g (m, 1) = m £ (m, 1)).

To cover wide size range (i.e. 2 um ~ 3 mm), logarithmically uniform grid
system (log(m) = n, log(m,) = n,) is used. In this system, the relationship,
mMi41

= const. is satisfied.
myg

Activation from aerosol to cloud particles (Nucleation process)

The change of SDF's by activation from aerosol to cloud particles are calculated
based on Kohler theory (Kohler 1936). Through this process, aerosols whose
radii are larger than critical radius of aerosol (r4.crit) are activated to clouds.
The critical radius is given as

4 AP 113 2 M, ps
4 )" a4 7 =i, =2l (8.363)

, B=1i, .
RvpLT Ms PL



where Sy, o, Ry, pr, T, iy, M,, My, ps show supersaturation of water,
surface tention of water, gas constant of vapor, temperature, van’t Hoff factor
(= 2), moleculer weight of water, moleculer weight of aerosol, and density of
aerosol, respectively.
At each time step, rqcr¢ are calculated by using temperature, and mass of
aerosols whose radii are larger than rg .-+ remove from SDF of aerosol and they
are transferred to SDF of cloud as newly generated cloud particles.
The radii of newly generated clouds are corresponding to those of aerosols, but
if the radii of aeorol are smaller than the lower limit of cloud SDF, the radii of
newly generated clouds are set to smallest size of cloud SDF (~ 2um).
The change of aerosol’s SDF and hydrometeor’s SDF are shown as:

[aéffa] activation /n:”n fa(ma; t)dma (8.364)
()
[6?)6: ] activation N {aa{fa } activarion (8-365)

where mg, crit = (: %’rrgpa is mass of aerosol particles whose radii are the

same as critical radii, 7 crs¢. When there are not enough vapor to activate all
aerosol particles whose radii are larger than the critical radius, i.e.

j/ Mg fa(Ma,t)dma > qup, (8.366)

Ma,crit

only the aerosol particles whose radii are larger than rqg, ¢ri¢, which are given
as:

[ee]
/ Ma fa(Ma, t)dma = qup, (8.367)

Ma0,crit

are transferred to cloud paricles as:

[8(3];&} activation /7:0,”“ fa(ma;t)dma, (8.368)
(1)
[6{;: } activation -7 [a(‘?{fa] activarion. (8.369)

where g, and p is mixing ratio of water vapor and density.

Condensation/Evaporation

Calculation of condensation and evaporation process are based on a equation.
The mass change by these two process are given by an equation (e.g. Rogers
and Yau, 1989Rogers and Yau (1989)):
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o = CW (m)GW(T)SW (8.370)
Gu(T) (u: liquid)
(») -
G = {G,«T) (1 : ice)
47
Gu(T) = R,T Ly (L.
-+ (1)
4
Gi(T) = —— +g(#_1>
e:(T)D, © KT\R,T
g — Sw  (p: liquid)
Si (p:ice)

where C’(“)(m) is capasitance, which depends on shape of each types of hy-
drometeor, S,,, S; are super saturation of water and ice, L, L; is sensible heat
of evaporation, sublimation, D, is diffusion constant of vapor, K is conductivity
of air, and e,,, e; is saturation vapor pressure and saturation ice pressure, re-
spectively. Condensation (evaporation) occur when S is positive (negative).

To calculate change of SDF by condensation/evaporation, mass flux (Fc((’f 72 J /emp)

on each bin is given by using number density ( fé“ )) and ‘Z—T as:

W — (m)% = fW(m)CW G (T)sW, (8.371)

cond/evap ~

Using this equation, time evolution of SDF (f(") is given as

9w
- %Fcond/evap (m)

Af 1) (m,
[%} cond/evap

B % (£ (m)CUN G (T)S™ . (8.372)

By using the n(= log(m)), the eq.8.372 is transferred to advection equation

(1)

afait(n) _ ai (£ (U™ () (8.373)
Wi — S0 g

v () & DT

To solve the eq. 8.374, a scheme developed by Bott (1989)Bott (1989) is
used. The number density of i-th bin after At (f;(t + At)) is given as follow:
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At
fi(t + At) = fz(t) - In [Fcond/evap,i+1/2 - Fcond/euap,i—1/2:| .
An ] i1)2 Lit1/2
Fcond/evap,iJrl/Q = At |: Zl]/ fz( ) ﬁfﬁ-ﬁ-l( ):|
7;?:1‘4_1/2 = max(07ll ( i+1/2))
i;i+1/2 = max(O,Il* (Ci+1/2))
th = max(Il,i’ixz‘H/z + ilii+1/2>)
2
Qg L k+1
Ifr(cz‘ﬂ/z) = Z 7(,{ 1)2k [1 -(1- 20;) * ]
k=0
2
- Ai+1,k —
I (Civr2) = Z W(_l)k[l — (1—2¢;)"]
k=0
1
a0 = _ﬂ(fi-i-l(t) —26fi(t) + fi-1(t))

a1 = %(f’i-‘rl(t) = fi-1(®))
aio = %(fi—i—l(t) —2fi(t) + fi-1(t))

cf = i(c?+1/2 + ‘0?4-1/2')/2
At
s = U (8.374)

Since the super saturation (S*)) can change during time step (At), we apply
a method shown below to reflect the change of supersaturation during At.
Time evolution of supersaturation can be given by equations:

d Sw - Qc/e bc/e Sw B Sy
dt<Si ) - <cc/e dc/e><si >A<5i ) (8.375)

ce = et (ot ) [ 1 mC myimG )
beje = —(Sw+1)(qiv+ Rﬁ;fi) H; / F# (m)CW (m)dmGi(t)
e = ~SA (ot ) [ 1 mC myimGu
defe = —(Si+1)(qv BT g) > / FU(m)CU) (m)dmGi(t)

nEice

where ¢, is mixing ration of vapor.
Using eigen value of A (A4, A_ (Ay > A_)), and assuming a.e, bejes Cejes deje
is constant during At, average value of super saturation (S, ;(t)) during At is
given as:



t+At €A+At_ eA_At_
S (t) = é /t Su(r)dr = bTAtl&@) + bﬁuls_(t)
5 1 At eA+At _q eA-at g
Si(t) = E/t ST = (As = @) S () + (A — )5
(A= @)Su(t) —bSi)
Si(t) = T
s - @ IZ?A)?M _(t)A I)bSZ-(t)

The averaged super saturation (S, ;(t)) is used to solve the eq. 8.375.

Collision/Coagulation/Riming/Aggregation

Collision/Coagulation process are calculated by solving Stochastic Collision
Equation (e.g. Pruppecher and Klett, 1997)Pruppacher and Klett (1997):

9f(m)
ot

m/2
= / F(m")f(m —mYK(m',m —m/)dm’

0
~ f(m) /0 Fm"VK (m, m”)dm” (8.376)

where K (m,m’) is collection kernel function. Three types of the kernel
function, i.e. Long type kernel (Long, 1974Long (1974)), Golovin type kernel
(Golovin, 1963Golovin (1963)) and Hydro-dynamic dynamic kernel as shown eq.
8.377 are implemented into the SCALE-LES3.

K(m,m") = 7(r(m) —r(m') |[V(m) — V(m)| Ecor(m,m") Ecoaq(m, m')(8.377)

where r(m) is radius of hydrometeros whose mass is m, and V' (m) is terminal
velocity of hydrometeors. The terminal velocity of each species of hydrometeor
and each size are shown in Figure 8.12 E.,;, and Eyqq is collision effieiency and
coagulation efficiansy, respectively.

Although the stochastic collision equation can be apply for collision/coagulation

of one type of hydrometeros (i.e. liquid water), the SCALE-LES3 predicts 7
types of hydrometeors, and interactions of these types hydrometeors (i.e. rim-
ing/aggregation) must be calculated. To calculate the interaction of all 7 types
of hydrometeors, the extented stochastic collision equation:

{31‘ W (m)

ot :| coll/coag/rim/agg
m/2
S
A v Y0
) e
o [

m') f) (m —m') Ky, (m',m —m')dm/

—~

—~

m") K, (m,m”)dm” (8.378)
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Figure 8.12: Terminal velocity of Water (Plus), Plate-type ice (Cross),
Columnar-type ice (Asterisk), Dendrite-type ice(Open square), Snow(Closed
square), Graupel(Open circle), and Hail(Closed circle)

is applied (where p, v, A, k represent species of hydrometeor). The convina-
tions of u, v, A are shown in table 8.6.

Table 8.6: Catalog of interaction between 7 species. W, I, S, G, H shows water,
ice, snow, graupel, and hail, respectively. G/H shows graupel(hail) generates
when T is lower(higher) than 270.15
W I S G H

wW W G/H G/H G/H G/H

I 1 S S 1 I

S S S S S S

G G/H G/H G G G/H

H G/H G/H G/H G/H H

To solve the stochastic collision equation, a scheme developed by Bott (1998)Bott
(1998) was implemented into SCLAE-LES3.
The Bott (1998)Bott (1998) scheme calculate evolution of mass density distri-
bution (g(n) = mf(n), n = log(m)). The stochastic collision equation can be
transferred to
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m m2 ’ /A / /
99\ _ CEra g —n")K(n—n'.n")g(n")dn
no

(m m)m

- / o) (8.379)

S

where 1y = log(m/2). Decreases of mass of i-th bin and j-th bin are given
by

(v)
09(“) (1) N}
L = _Ag"K,, LA .
b =~ K 0) (5.350)
and
69(/4) ) gl(,u)
5 —Ag; " Ky (i, ]) An (8.381)

respectively. The terms corresponds to the second term of right-hand side
of €q.8.379. The eq. 8.380 and eq. 8.381 can transfer to

2
Ag#) = g0 [1 = exp(= K i,1) - Ant)| (8:382)
J

W) _ ) g
gl = g |1 = exp(— Ko (i.5) 2

)] (8.383)

The sum of Aggﬂ) and Agﬁy) corresponds to newley generated mass by col-
lision of hydrometeor whose mass is m; and m;. The newly generated mass
(¢ = Ag§“ ) 4+ Agj(»y), which is coresponding to first term of right-hand side of
€q.8.379) added k-th bin (my = m; + m;). Since my, is not always bin center,
newly generated mass is devided to k-th and k+1-th bin as follow.

The production of k-th and k+1-th bin is represened:

A
AgN = g+ —¢ (8.384)
Mgy = g +C (8.385)
gl A, s k+1
= 1—(1-2c
¢ 9 1 g Z(s+1)2k+1[ ( k)
m — Mg
c, = ————
Mmrg41 — Mg
A A A
ako = 24(9231 — 269 +giV)
A A
ag1 = 2(9]24.)1 ](g_)1)
1, o A A
wa =~ — 20 + )
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These procedure is applied for all bin of all types of hydrometeors.
In addition, to calculate this process fastly, a scheme of Sato et al. (2009)Sato
et al. (2009) are also implemented into SCALE-LES3.

Freezing

The calculation of freezing process is based on a parameterization of Bigg
(1953)Bigg (1953). The parameterization is calculated number density of water

( féw)), wehich can be freezed:

9 (w) _ f™(m)
&f (m) = -~ (8.386)
r o SXP [br(To — T)]
fro = afrim

where ay, = 1074571, and bpr = 0.66°C~! are emperical parameters, and
Ty is 273.15 K.
The eq. 8.386 can transfer to

dg(w)(m) g (m)
ot 1p(m) (8.387)
exp (bfr(To — T))
Tfri —
afrim

From this equation, The mass change of i-th bin during At is given as

o) (¢ + At) = g — Fre, (8.388)

ggplate) (t+ Al) = gl(plate) + Frz; (re < 200pm)
gghazl)(t AL = gzghml) + Frz; (ry > 200um)

At

Tfr,i

(8.389)

)]

As shown in eq. 8.389, the mass of liuid is transfer from to plate type ice
(ry < 200pm) or hail (r,, > 200um).

%

Frz; = g(w)(t) {1 — exp(—

Melting

The calculation of melting process is too simple way, that is, all ice particles
(i.e. plate, columner, dendrite, snow, graupel and hail) melt immediately when
the temperature is larger than Ty = 273.15 K. This is too simply to represent
ice phase process, and we will modify this method near future.

8.4 Radiation

1TBD
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8.5 Surface flux

Corresponding author : Seiya Nishizawa

8.5.1 Monin-Obukhov similarity

The first of the all, we assume that in the boundary layer 1. fluxes are constant,
and 2. variables are horizontally uniform.
Relations between flux and vertical gradient are

%% —on(2). (8.390)
’Z{% = (%), (8.391)
%% =6, (3). (8.392)

where k is the Von Karman constant. L is the Monin-Obukhov scale height,
which is )
Ou
= — 8.393
g (8.393)
where ¢ is the gravity. The scaling velocity, u., temperature, 6,, and water
vapor, g, are defined from the vertical eddy fluxes of momentum, sensible heat
and water vapor:

ww' = —UsUs, (8.394)
W0 = —u,b,, (8.395)
W'q = —UsGy. (8.396)

The integration between the roughness length zg to the height z of the lowest
model level, egs. (8.390) and (8.391) become

u(z) = % {In(2/20) — ®p(2/L) + B (20/L)} , (8.397)
Af = R%* {In(2/20) — ®p(2/L) + ®p(20/L)}, (8.398)

where A8 = 6 — 0y, and

B, (2) = / ’ %T/”(Z/)dz’, (8.399)
®p(z) = / %Z’j(z/)dz/. (8.400)

8.5.2 Louis (1979) Model

Louis (1979) introduced a parametric model of vertical eddy fluxes.
The L becomes

_ Ou? 1In(z/29) — ®n(z/L) + ®p(20/L) .
9A0 {In(z/zp) — ®p(2/L) + B (2/L)}

(8.401)
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The bulk Richardson number for the layer Rip is

_ gzAd

Rip = =, =, (8.402)

and its form implies relationship with the Monin-Obukhov scale height L. Then
the fluxes could be written as

u? = a*u?F,, (ZZ RiB) : (8.403)
0

0. = Cunor, (2 Ri (8.404)
U0y = —u —, Ri , .
R h 20 B

where R is ratio of the drag coefficients for momentum and heat in the neutral
limit, (the turbulent Prandtl number), and

k2
A= — (8.405)
{In(2/20)}
is the drag coefficient in neutral conditions.
For the unstable condition (Rip < 0), F;s (i = m, h) could be
bRi
F=1-—2"8 (8.406)

' _1—|—C“/|Ri}3‘7

under the consideration that F; must behave as 1/u (i.e. /|Rig|) in the free
convection limit (u — 0), and becomes 1 in neutral conditions (Rip — 0).
In the stable conditions (Rip), on the other hand, Louis (1979) adopted the

following form for Fj:

1

The constants are estimated as R = 0.74 by Businger et al. (1971), and
b=2b = 9.4 by Louis (1979). By the dimensional analysis,

¢ = Cra®h, | =, (8.408)
20

and C}, = 7.4,C; = 5.3, which result best fit curves.

8.5.3 Uno et al. (1995) Model

Uno et al. (1995) extended the Louis Model, which considers difference of the
roughness length between for momentum, zy, and temperature, z;.
The potential temperature difference between z = z and z = z;, Ay, is

Aby = R% {In(z0/2t) — ®n(z0/L) + ®p(2:/L)} + Aby,

0.
= Rzln(zo/zt) + Adby,

— A6, {mn(;"j/zt) + 1} , (8.409)
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where Ay =0, — 0,,(= Af),

U, = / ¢—}fdz’, (8.410)
zZ0 <
and ¢y, is assumed to be R in the range z; < z < z9. Thus
1 -1
Afy = A, {Rn(z‘)/zt) n 1} , (8.411)
Uy
or equivalently,
Rl -1
Rigo = Rip: {HEPZO/Z” + 1} . (8.412)
h

From the egs. (8.403) and (8.404),

RO, z F,,
Aby = In(— A1
y= “<zo) o, (s.413)
while 9
Aby = T, (8.414)
from eqs. (8.391) and (8.410). Therefore
U, = Rln (Z> VEn (8.415)
A Fh

Because ¥}, depends on Ripg, Ripg cannot be calculated from Rip; with eq.
(8.412) directly, so numerical iteration is required to obtain Ripo ®. Starting
from Rip; as the first estimation of Ripgg, the second estimate by the Newton-
Raphson iteration becomes

Rip:RIn(z/2t)
In(zo/2:) + T,
where W}, is the estimate of Uy, using Rip, instead of Ripo. Approximate values
for F,,, F}, and ¥, are re-calculated based on the Ripgg, and then Afy, and the
surface fluxes u2 and .0, are calculated from eqs. (8.411), (8.403), and (8.404),

respectively.
R

Rigo = Rips — (8.416)

8.5.4 Roughness length

Miller et al. (1992) provides the roughness length over the tropical ocean, based
on the numerical calculations by combining the smooth surface values with the
Charnock relation for the aerodynamic roughness length and the constant values
for heat and moisture in accordance with Smith (1988,1989) suggestions:

20 = 0.11u/v, + 0.018u? /g, (8.417)
2 = 0.40u/v, + 1.4 x 1075, (8.418)
zg = 0.62u/v, + 1.3 x 1074, (8.419)

where v, is the kinematic viscosity of air (~ 1.5 x 107°), and zo, 2, and z, are
the roughness length for the momentum, heat, and vapor, respectively.

3In the stable case, it can be solved analytically with eq. (8.407), but the solution is too
complicated.
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8.5.5 Discretization

All the fluxes are calculated based on the velocity at the first full-level (k=1)
(z = Az/2). The absolute velocities U are

2
2 2(pw)iy1 41 N (Pv)ij—1a+ (P0)ijria +(PV)ig1 11+
301 Pij1 + Pitiii 2(pij1 + piv141)

2
N (pw)i,j,1+% + (pw)i+1,j,1+%
2(pij1 + pit1.4,1) ’
2

72 B (pu)i—%,j,l + (pu)i+%,j,1 + (pu)i—%,j+l,1 + (pu)i-s-%,j—&-l,l

byt 2(pij1 + pij+1,1)

2(pv)i,j+%,1

(pw)i,j,1+% + (pw)i,j+1,1+%

|

(pw)i—y a1+ (Pu)ig 1 ja

i

Pij 1 T Pij+1,1

2pi 51

2 —
Ui,jJ - {

}2
(pv)i,j—%,l + (pv)i7j+%71
2pi g

2(pija + pij+1,1)

N

}2

here it is note that (pw)m.)% = 0. The potential temperatures ¢ are

05,51
Oir 1.1 =

Oijri1 =

(/79)2‘4‘,1

)

Pi,g.1

bi 1+ bit1,51

2 9

bij1+ 0411

2

2
(P’U)i+1,j+;,1}

(8.420)

(8.421)

i

(8.422)

(pw)i,j,l—&-%
2pi 1

(8.423)

(8.424)

(8.425)

The roughness lengthes, zg, z;, and z, are caluclated from the egs. (8.417),
(8.418), and (8.419), in which the friction verociy u. is estimated as

Uy =

CmO U7

(8.426)

where C,,o is a constant bulk coefficient, and we use 1.0 x 1072 as its value.
From eq. (8.412) The Ripgy, which is the first guess of the Rigg, is

Rip:

_ 9201 —bssc)

oU? ’

(8.427)

with the assumption that 0,, = 0,¢.. The estimation of the \i/h is calculated
with Rip; from the eqs. (8.415), (8.406), and (8.407). The final estimation of
Ripo is obtained from the eq. (8.416), and the final estimation of ¥y, is obtaind

with the RiBQ.

Now we can calculate the bulk coefficients, C,,, C}, and C, for the moments,
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heat, and vapor:

k‘2
- F (Ri
Cm IH(Zl/Zo) m(RZBO)y
k2 ) Rln(zo/z:) !
Oh = Rintar20) h(RZBO){ v, } ’
k2 . Rln(zo/ze) -
C. = 7Rln(z1/zo)Fh(RZB°) {\I’h + 1} .

The fluxes are

pu'w’ = —C,,Upu,
pv'w = —CUpu,
pw'w’ = —C,,Upw,
PO’ = —CrU{p0 — plsy.},
pq'w' = —~C.Up(q — Gevap)s

where geyqp is the saturation value at surface.

8.6 Aerosol
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Chapter 9

Aerosol

Corresponding author : Mizuo Kajino

9.1 Large scale sinking

Corresponding author : Seiya Nishizawa
In the DYCOMSO01 experiment, the large scale sinking is added to express
large scale downward motion corresponding to the Haddley circulation. The
motion converges virtually and results mass escape to out of the system.
The density loss rate is constant L:

opwy,

L:
0z’

(9.1)

where w; is vertical velocity corresponding to the large scale sinking. Then
vertical momentum with the sinking is

pwr, = —Lz. (9.2)
Continuous equation is now

dp | dpu  Ipv  Op(w+wy)

— + — ——F =—L. 9.3
0z + ox + oy * 0z (9:3)
Lagrangian conservation equation for scalar quantities are
0 0 0 0¢
— — — — =0 9.4
pat+puax+pvay+p(w+m)az ; (9.4)

and becomes with eq. (9.3)

Opp | Opu¢ n Ipve n dp(w +wr )

ot Ox Oy 0z =~L¢. (9:5)
The equations for mixing ratio is

ot ox oy 0z
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Note that this is identical to that of scalar quantities.

The wy, at the top boundary is not zero while w is zero. The vertical flux
pwr, ¢ at the top layer interface could be determined as that convergence of the
flux is canceled with L.
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Appendix A

The detal numerics

A.1 4th order central differnce

The 4th order central difference is given by

06 _ —$it2 +8¢i+1 —8i—1tdit2 _ (A1)
ox 12Ax
where
o % 5 4Az3 2Azt (@)
biya = ¢i + 20z (ax)i+2Az ( ) (8x3) 3\ gpa i+0(@mé)
. o Ax? (0% Ax 93 Exx
P = @*M(ax)ﬁT(axz) T( ) o1 (@)ﬁom 0A-3)
¢i = ¢; (A.4)
o [0} Az? (9% Az3 (03¢ Azt (03¢ 5
Pim1 =0 (ax) o (@) 6 (axs) o1 (@) +O(AsTAD)
o 0 5 (0% ANZ3 (03¢ 208z (03¢
bit2 = ¢; — 2Ax (£>i+2Aaz (ﬁ) 3 <%)Z+ 3 (@)ZJ’,O(&:E)
Therefore,
—Pit2 +8dit1 —8di—1+ dita _ (09 "
12Ax N ({):p)Z +0(as) (A7)
—; To; Tpi — pi—1) — (— i Toi + Ti—1 — pi— 0
(=bit2 +TPit1 +Tdi — ¢ 11)2A(¢+1+¢+¢ 1—¢ 2):(£> +O(4A%)
x ox /;
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A.2 Flux Corrected Transport scheme

Equation (3.32) can be written as

1
n+1 _
(Pa)i 5 1 (Pa) . — AvAyAz [
[ hzgh low ]
+ C’”Jrz'] ko itd gk (1 “szjv ) F’iJrngJv
_ [ hzgh low |
Cimgantig T (1 G %,J,k) EZL
[ hzgh low
+ C,J+2,k it 3.k (1 CJ+2J€) Fi,j+;,k_
_ [ hzgh low
[ hzgh 1— ) low
+ _C ,J,k+2 9kt + Cij, k+3 Fi,j,k+§
_ [ hzgh low
Cian—tFin-1 T (1 gk~ %)Fi,j,k—%}
where
high,low AtAyA high,low
i+ .k EAYAZ(PW)ig 1 10T
high,low AtA hzgh low
zAx(pu
Qg+ ok CURTE WL it
high,low high,low
ikt AtAxAy(pu)i,j,k-&-%qi,j,k+%
The anti-diffusive flux are defined as
_ high _ plow
T SN P e
— high _ plow
Aijrie = Fi,j+%,k INES N
high _ plow
Aty igkl T gkt d
Equation (A.9) can be rewritten as
1
n+1 _ n
(pa)}' T (PD)7 . — NeAyA: [
low
R N S e R A R
low
Fi—%,j,k +Ci 1ALk
low
ok TGttt e
low
F,Jﬁ Tt rtig-tn
low
+ Fz]k:+1+c’bjk+1A7Jk+éj|
low
ikt T Ci,j,kf%Ai,j,kf%}

]

In practice, we calculate Eq.(A.16) by the following steps:

1. The tentative values are calculated by using the low order flux:

(Pa)7; 1
_
AzxAyAz

(pQ)I,j,k =

low
i+1.5.k

o Flow

1—511
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4 Flow _ Flow

i,k ij+i

—k

(A.9)

(A.10)
(A.11)

(A.12)

(A.13)
(A.14)

(A.15)

(A.16)

Flo

w
g kts T g
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2. Allowable maximum and minimum values are calculated:

(p);

(p);

max

4,k

min
.4,k

max|
max((pq)! ;1> (PO} 1)
max((pg)!_, ko (PO k)

ax pq)z+1,],k (P51, ,1):

g

ax

4,J+1, k)

max((pq)! b1 (PO k—1)s

(
(

(« )i

(0] 11 (0751 )
max((pg)] ;.1 1.+ (PO}

(« )i

(« );

max pQ), k1 (pq 7JJﬁLl)

min|
min((pq )” ko (POT 1)
min((pa)!_y ;x> (P07 1 5 1)s
min((pa)] 41 ;5 (PO 41 5.4
min((pa)! ;1 4> (PO} 1k)s
min((pg )z gtk (PD7 1 k)
min((pg )” o1 (PO j k1)
( ( )

min( pq)” ki1 (PO G k1

]

3. Several values for the flux limiter are calculated:

+
Bk

Bk

Ri,j,k

—min(0, A,
—min(0, A
—min(0, A

—max(0, A, g+l %) +min

— max(0, Aljk+1)+min

{
{

min(1, Q:rjk/Pfjk)

0

min(1, Qi_’jyk/Pi,_j,k)

0

zj+ k

”k+1)+max

[(pq)'flj‘," (pa)? ;. k] AzAyAz
()] = ()3 | Aoy
+
if PJr B>
if P k=
if P_ k>

lfPT]k
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=0

0
0

(A.18)

(A.19)

(A.20)

(A.21)
(A.22)

(A.23)

(A.24)

(A.25)

(A.26)



Cis ik

C,

5+ 5.k

Cz‘,j,lwé

min(R;

min(R;

4. The flux limters at the cell wall are calculated:
. + —
mm(RiJrLjyk, Ri,j,k)

min(R;ijk, R

1,5,

min(R; -

itk Bijn)

ik Bijrk)

ka1 B k)

min(R; -

ik Bij k)
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if Ai+%,jyk 20
if Az‘-‘-%,j,k <0
A e 20
if Ai,j+%,k <0
A ey 20
if Ai,j,k-»—% <0

(A.27)

(A.28)

(A.29)



Appendix B

Notation
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Table B.1: Notation of symbols

P) total density kg/m?

qd mass concentration of dry air —

Qv mass concentration of water vapor —

q mass concentration of liquid water —

s mass concentration of solid water —

t time s

u velocity of air flow m/s

wy relative velocity of liquid water to the gas m/s

W relative velocity of solid water to the gas m/s
DIFF [z] Diffusion term by turbulene kg/m?[x] /s
Sy source term of water vapor kg/m3/s
S source term of liquid water kg/m3/s
Ss source term of solid water kg/m3/s
D pressure N/m?

g gravitational acceraration 9.8 m/s?
fi drag force due to water loading by liquid water kg/m?/s*
fs drag force due to water loading by solid water kg/m?/s*
e, vertical unit vector ( upward ) -

Ry gas constant for dry air for uint mass J/kg

R, gas constant for water vapor for uint mass J/kg

T temperature K

Qq diabatic heating due to physical processes for dry air J/m3/s
Q. diabatic heating due to physical processes for water vapor J/m?3/s
Q diabatic heating due to physical processes for liquid water .J/m?/s
Qs diabatic heating due to physical processes for solid water ~ .J/m?/s
ed internal energy for dry air J/kg

€y internal energy for water vapor J/kg

el internal energy for liquid water J/kg

€s internal energy for solid water J/kg

e total internal energy J/kg

Cod specific heat at constant volume for dry air J/kg/K
Cow specific heat at constant volume for water vapor J/kg/K
Cpd specific heat at constant pressure for dry air J/kg/K
Cpuv specific heat at constant pressure for water vapor J/kg/K
a specific heat for liquid water J/kg/K
Cs specific heat for solid water J/kg/K
P00 standard pressure 1000.0 Pa
04 potential temperature for dry air K

0 total potential temperature K
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Appendix C

Variables in the source code

Table C.1: Variables in atmos/mod_atmos_dyn_fent_fct.£90.

DENS(k717.]) Pi,j.k
MOMZ(k,i,j) (pw)i,j,k-&-%
MOMX(kvle) (pu)i—i-%,j,k’
MOMY(kvle) (pv)i,j—i-%,k
RHOT(k71aJ) (pe)i,j,k
QTRC(k’IaJaIQ) qi,5,k
PRES(k,1,j) Pij.k
VELZ(k,i,j) W; j i1
VELX(k,i,j) Uiy 1 g
VELY (k,i,j) Ui jylk
POTT(k,i,j) ik
QDRY(k’laJ) qd
Rtot(k,i,j) R*
num_diff(k,ij)  Fj 1

gfix hi(kij) gt
qfix_lo(k,i,j) qev
quls(k,i,j) Z}‘,k
gjmns(k,i,j) ik
pjplS(k,i,j) 7J,rj,k
pjmns(k,i,j) Py
rjpls(k,i,j) Rij,k
rjmns(k,i,j) R
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Table C.2: Variables in atmos/mod_atmos_phy_tb_smg.{90.

tke(k,i,)) TKE
nu(kai7j)7 nu,*(k,i,j) VsGgs
Ri(k,i,j) Ri
Pr(k,i,j) Pr
833,* (k,l J) 533
Sll,*(k,i.]) 511
$22_%(k,i,j) Soo
$31_*(k,ij) 31
S12_%(k,i,j) S1a
$23_%(k i,j) Ss
qﬂXngS(kvivj) PTij, ﬁT;;
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